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Abstract

An agent acquires a costly flexible signal before making a decision. We explore to what
degree knowledge of the agent’s information costs helps predict her behavior. We establish an
impossibility result: learning costs alone generate no testable restrictions on choice without
also imposing constraints on actions’ state-dependent utilities. By contrast, choices from a
menu often uniquely pin down the agent’s decisions in all submenus. To prove the latter
result, we define iteratively differentiable cost functions, a tractable class amenable to first-
order techniques. Finally, we construct tight tests for a multi-menu data set to be consistent
with a given cost.

1. Introduction

Sparked by Sims’ (1998; 2003; 2006) studies on rational inattention, the last two decades have seen
a growing interest in models of costly flexible learning. Compared with the traditional framework
of decision-making under uncertainty, these models postulate that the agent’s behavior depends
on an additional parameter: the cost of information acquisition. The appropriate values for this
parameter have been the subject of intense inquiry. Some studies, such as Caplin and Dean (2015),
de Oliveira et al. (2017), Dean and Neligh (2022), Dewan and Neligh (2020), and Caplin et al.
(2020), seek to answer this question empirically, developing tools for identifying, measuring, and
testing the agent’s cost function in experiments. Other studies take an axiomatic approach, advocat-

ing for classes of parameterized cost functions based on their characterizing features (e.g., Pomatto,
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Strack, and Tamuz, 2020; Hébert and Woodford, 2021a; Caplin, Dean, and Leahy, 2021). An al-
ternative string of papers explores which cost functions can be microfounded via dynamic learning
(e.g., Morris and Strack, 2019; Bloedel and Zhong, 2020; Hébert and Woodford, 2021b) or as a
physical cost of performing experiments (Denti et al., 2021). In this paper, we ask a complementary
question: In what ways does the agent’s information-acquisition cost restrict her behavior?

There are several reasons why one might be interested in our question. First, as explained
above, multiple existing studies are dedicated to uncovering facts about information acquisition
costs. By studying the restrictions these costs put on behavior, we outline the boundaries of said re-
search program. Second, our question is relevant for applied modelers interested in understanding
the connection between cost-based assumptions and behavior. For example, Proposition 2 shows
our analysis yields an immediate characterization of the set of cost functions satisfying “continu-
ous choice”, a property which has economic implications (Morris and Yang, 2021). And third, our
question can pave the path to a new way of testing whether a behavioral data set is consistent with
a given cost function, as we demonstrate in section 6.

We study a canonical flexible-learning model in which an agent chooses from a finite set of
alternatives, the benefits from which depend on a stochastic state. Before making her decision,
the agent chooses what signal to acquire about this state. Learning comes at a cost, which the
agent subtracts from the expected benefit she derives from her final decision. After choosing her
information, the agent observes a signal realization and takes an action. Following the literature
(Caplin and Dean, 2015), we refer to the resulting probability in which the agent takes each action
conditional on the state as the agent’s stochastic choice rule (SCR).

We begin by studying one’s ability to forecast the agent’s choices using only her cost of in-
formation acquisition. Theorem 1 shows this exercise is essentially futile: holding the agent’s
costs fixed, one can approximate any finite-cost SCR arbitrarily well with SCRs that are uniquely
optimal for some utility function. Therefore, other than ruling out some SCRs as technologically
infeasible, the agent’s learning costs make no predictions that could be falsified with finite data.

The above conclusion has implications regarding the connection between cost-based assump-
tions and behavior. For example, Morris and Yang (2021) introduce the continuous choice property,
which says the agent’s optimal SCR must vary continuously with the state regardless of her objec-
tive function. Morris and Yang (2021) show this property leads to significant restrictions on the
kind of equilibria that may arise in regime-change games when learning costs are small. Our re-
sults imply the continuous choice property can hold only for cost functions that make discontinuous
SCRs infeasible; that is, the cost function must assign such SCRs an infinite cost (Proposition 2).

More generally, Theorem | implies the agent’s cost function on its own imposes few restrictions
on the agent’s behavior in a single menu. However, we show the agent’s costs can significantly

restrict the way the agent behaves across menus. To make this point, we focus on a novel class of



smooth cost functions that we call iteratively differentiable. We prove such cost functions allow
one to solve for the agent’s optimal SCR given a fixed utility function using a first-order condition
(Lemma 3). One can also apply this condition to do the reverse, namely, to solve for the utility
functions that make a fixed SCR optimal. In Theorem 2, we use the ability to invert utility from
choices to show that, for finite-valued iteratively differentiable costs satisfying an infinite-slope
condition, one can often use the agent’s actions in one menu to pin down her behavior in all sub-
menus. Thus, under the theorem’s conditions, once the analyst knows the agent’s cost of learning,
the agent’s choice when facing the grand menu is the sole remaining degree of freedom in the
agent’s behavior.

That the agent’s cost function restricts her behavior across menus is useful not only for pre-
dicting her actions, but also for testing whether or not her decisions are consistent with a given
cost function. In section 6 we develop such a test, assuming the given cost function is iteratively
differentiable and finite-valued. Our test takes as its starting point a data set describing the agent’s
chosen SCR 1n a collection of menus. From this data set, our test constructs a bipartite graph with
nodes labeled by actions and menus, and with an edge between an action and a menu if the agent
sometimes takes said action when faced with that menu. We identify each cycle in this graph with
a set of equations, and show these equations are satisfied for all cycles if and only if the data set is
compatible with the agent having a common utility and the pre-specified cost function. Moreover,
it suffices to check the equations associated with a small set of cycles, called a cycle basis. We also
prove our test is tight for cost functions satisfying the prerequisites of Theorem 2: testing the equa-
tions corresponding to any collection of cycles that does not include a cycle basis is insufficient for
proving consistency of a data set.

Several studies consider the problem of testing whether a data set is consistent with costly infor-
mation acquisition, and if so, whether one can use these data to make inferences about the agent’s
cost of information (e.g., Caplin and Dean, 2015; Caplin, Dean, and Leahy, 2017; de Oliveira
et al., 2017; Caplin et al., 2020; Chambers, Liu, and Rehbeck, 2020; Dewan and Neligh, 2020;
Denti, 2022; Lin, 2022). This literature typically assumes that, in addition to observing the agent’s
choices, the analyst also knows the agent’s utility function, which is either observed directly, or
inferred from decision problems in which information acquisition plays no role. Our paper con-
tributes to this literature by delineating the kind of data needed for testing various hypotheses
regarding the agent’s information-acquisition costs. In particular, we show that without utility in-
formation, one cannot test such hypothesis using the agent’s behavior in a single menu. We also
provide a method for using variation in the agent’s menu to check whether or not the agent faces a
given hypothetical cost function.

Other papers have advocated the use of various cost functions based on non-behavioral jus-
tifications. For example, Mensch (2018), Pomatto, Strack, and Tamuz (2020), and Hébert and



Woodford (2021a) pin down particular functional forms for the agent’s learning costs by stating
properties directly on the agent’s cost function rather than on the decisions that it generates.! Other
papers, such as Morris and Strack (2019), Bloedel and Zhong (2020), and Hébert and Woodford
(2021b), pin down specific functional forms by asking which static cost functions can be micro-
founded as coming from a dynamic learning process.” Our paper complements this literature by
studying the restrictions imposed by a given cost function, and providing a blueprint for generating
predictions and testing hypotheses on the agent’s information acquisition costs without the need
for a comprehensive revealed preference analysis.

We view our main substantive results to be Theorem 1, Proposition 2, Theorem 2, and Corol-
lary 1. En route, we prove some technical results on models with costly information acquisition,
including: an algebraic sufficient condition for an optimal SCR to be uniquely optimal (Propo-
sition 9); a Langrangian first-order condition for optimality of a given SCR under smooth costs
(Proposition 3); a reduction of the agent’s problem with differentiable costs to her problem under
a posterior-separable approximation (Lemma 3); and a generic uniqueness result for optimal SCRs
(Lemma 4). The key to these results is the observation that the behavioral content of the agent’s
information costs is encoded in the subdifferential of the indirect cost function; that is, the function
that gives the minimal cost of implementing each SCR. Because this function is well-defined (and,
we show, well-behaved) rather generally, our results apply to cost functions and environments not
covered by the extant literature. Thus, in addition to studying the behavioral content of information

costs, our paper also provides technical tools that may be useful in future work.

2. Model

An agent makes a decision from a finite set A of actions with |A| > 1. The payoff from each action
depends on a payoff state w belonging to some compact metric space {2 and distributed according
to some probability measure 1o € AS.> Without loss of generality, we take /o to have full support.
The agent’s utility from choosing action a € A in state w € Q is u,(w). We assume u, € L' (pp),
meaning the agent’s expected payoff E [u,] from every action a € A is well defined, and refer to

U= (tUg)aca € U 1= L'(11)" as the agent’s utility function.

'Relatedly, Frankel and Kamenica (2019) study axiomatically the appropriate measures of the ex-post value of
information.

2A related study is Denti et al. (2021), which obtain conditions under which a cost function defined over the agent’s
distribution of posterior beliefs for all priors can be micro-founded as a prior-independent cost over experiments.

3View any Polish space Y as a measurable space, endowed with its Borel sigma-algebra. Let AY denote the set of
probability measures on this measurable space, interpreting linear combinations in AY" pointwise. Unless otherwise
stated, we endow AY with the weak* topology generated by continuous bounded functions, which in turn makes AY
a compact metrizable space if Y is compact. We let supp(+y) denote the support of + for any v € AY".

“For any random variable f : Q — R, let E[f] := [ f(w) po(dw) whenever the latter Lebesgue integral is well
defined. Recall the space L' (1) is the set of all measurable functions f :  — R such that E|f| < oo, modulo
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Information Policies. Before taking her action, our agent chooses what signal to observe in order
to learn about w. We assume our agent is Bayesian, and model the agent’s information via the
distribution of her posterior beliefs, p € AAS. Specifically, we allow the agent to choose any
p whose average equals the prior, [ 1 p(du) = o, which is equivalent to letting her select any
p that originates from some signal structure.” We refer to any p that averages back to the prior
as an information policy, and denote the set of all information policies by P. Occasionally, we
will refer to the set P¥ C P of simple information policies, namely those with finite support.
Relatedly, a simply drawn posterior is a posterior that belongs to the support of some simple
information policy.

We order information policies via informativeness in the sense of Blackwell (1953). Specifi-
cally, we say p € P is more informative than ¢ € P (written as p > ¢) if p is a mean-preserving
spread of ¢.° An information policy p is strictly more informative than ¢ (written p = ¢) if p = ¢
and p # ¢. Intuitively, p is more informative than ¢ if observing p is equivalent to observing ¢ and
an additional signal. For a review of the connection between this information ranking and other

notions of informativeness, see Khan et al. (2019).

Information Costs. Information comes at a cost that is summarized via a function taking values

in the extended nonnegative reals,
C:P—-R, =R, U{co}.

By letting C' take a value of infinity, we allow it to encode constraints on the set of feasible informa-
tion policies. We assume C' is a lower-semicontinuous convex function that is proper—that is, not
globally equal to co—and let P¢ = C~1(R) denote its (effective) domain, namely, the nonempty
set of information policies that can be induced at finite cost. We also require C' to be monotone,
meaning C(p) > C(q) whenever p = ¢. Sometimes, we focus on costs that are strictly monotone,
by which we mean C(p) > C(q) holds whenever C(q) is finite and p > ¢. As we explain in

section 7, assuming C' is convex and monotone is without loss of generality.

The Agent’s Problem. After choosing her information, the agent observes her signal realization
and takes an action. An action strategy is a measurable mapping, o : AQ) — AA, where «o(a|n)
is the probability the agent chooses action a when her posterior belief is p. A strategy is an

information policy p paired with an action strategy «. The agent’s payoff from the strategy (p, @),

o-almost sure equivalence, equipped with the L*(po) norm, || f||1 := E|f].

3See, for example, Aumann and Maschler (1995), Kamenica and Gentzkow (2011), or Benoit and Dubra (2011).
For the sake of completeness, Appendix C.2 provides a proof that applies to the case of infinite states.

SThat is, some measurable m : AQ — AAQ exists such that [ i m(dfi|u) = p for all p € AQ, and p(D) =
[ m(D|p) q(du) for all Borel D C AQ.



given benefit u € U, is
o o(d dp) — C(p).
/Q/AU a(dalp) p(dp) (p)

Observe some strategy yields a finite value, because some information policy yields finite cost. We

say (p, «) is u-optimal if it maximizes the above objective among all possible strategies.

Stochastic Choice Rules. We follow Caplin and Dean (2015) and summarize the agent’s behavior
via a state-dependent stochastic choice rule. Within our more general setting, such a rule consist

of a vector of (essentially bounded) mappings,

S = (Sa)aeAa

where s, € L () gives the conditional probability the agent takes action a given the state.’
Because probabilities are positive and add up to 1, we must have s, > O forall a and > ,c 4 5, =
1. We refer to every s € S = LOO(MO)A that satisfies these constraints as a (state-dependent)
stochastic choice rule (SCR),® and denote the set of all SCRs by S.

The support of an SCR s is the set of actions it generates with positive probability, supp s =
{a € A: s, # 0}. An SCR s has full support if it uses all actions, that is, if supp s = A. The SCR
has conditionally full support if it uses all actions in all states, meaning s, is jp-almost surely
strictly positive for every a € A.

A strategy (p, o) induces an SCR s if for every action a € A and event QcQ,

[ alal) w(€) pldn) = E1g sd).

An information policy p € P can induce s € S if p can describe the information the agent receives

in some strategy that results in s, that is, if (p, «) induces s for some a.

Rationalizability 'We are interested in understanding which stochastic choice rules are optimal for
a given objective, which are optimal for some objective, and which can be uniquely optimal. Given
a utility function u € U, we say s is u-rationalizable if it is induced by some u-optimal strategy
(p, ). A stochastic choice rule is uniquely u-rationalizable if it is the only wu-rationalizable
SCR. An SCR that is u-rationalizable for some u is rationalizable. We also say s is uniquely

"Recall L (1) is the space of all measurable functions f : 2 — R (identified up to zo-almost sure equality) that
are bounded fip-almost surely, equipped with the L>°(119) norm, || f || := ess sup | f|-

8Because A is finite, the probability s, (w) of action a conditional on state w is well-defined up to jip-almost sure
equivalence by Radon-Nikodym. Consequently, a stochastic choice rule naturally lives in S = LOC(,uO)A, which
does not distinguish between functions that agree pp-almost surely. An equivalent formalism (given a disintegration
theorem) has stochastic choice rules living in the set of probability measures over A x 2 with marginal p¢ on 2.



rationalizable if it is uniquely u-rationalizable for some u.”

Example Cost Functions

In this subsection, we provide some example cost functions satisfying our hypotheses.

Example 1 (Mutual Information Costs). Let K : AQ — R be the Kullback-Leibler divergence
from the prior L,

[log $(w) p(dw) if p < pro,

00 otherwise.

K(p) =

By Posner (1975), K is lower semicontinuous. The mutual information cost function is given by

Z/KWMMM

This cost function was first introduced by Sims (1998; 2003; 2006) and has served as the workhorse
cost function of the literature on rational inattention. See Csiszdr (1974), Matéjka and McKay
(2015), Caplin, Dean, and Leahy (2019), and Denti, Marinacci, and Montrucchio (2020) for char-

acterizations of optimal behavior under mutual information costs.

Example 2 (Log-Likelihood Ratio Costs). Pomatto, Strack, and Tamuz (2020) proposed and ax-
iomatized the Log-likelihood ratio (LLR) cost function. The LLR cost function is defined for a finite
), and is parameterized by a matrix of positive numbers, @ € Rﬂxg such that 8,,,, = 0 for all
w € Q. Given 0, define the function c5*% : AQ — R via

cELR(y, (w) o (w)
= 3 et ) B

Then the @-LLR cost function is given by

CE(p) = [ [eh"™ () = k()] plap)

Example 3 (Posterior Separable Costs). Posterior separable costs are a generalization of mutual
information costs introduced by Caplin, Dean, and Leahy (2017). Let C be the set of convex, lower

semicontinuous functions from AQ to R that assign jiy a finite nonnegative value.'" We say C'is

°In other words, s is uniquely rationalizable if some u exists such that s is the only u-rationalizable SCR; this
notion is distinct from requiring that u be the unique utility that rationalizes s.

19Given the other assumptions on elements of C, that c(y) is finite is equivalent to the induced information cost C
being proper. Also note, when 2 is finite and c is finite, ¢ is lower semicontinuous if and only if it is continuous.



posterior separable if some c € C exists such that every p € P has

Cv) = [ elu) p(ap).

In addition to mutual information (Example 1), the class of posterior separable costs includes
the log-likelihood ratio cost function from Example 2, and the neighborhood-based cost function
studied by Hébert and Woodford (2021a).

Example 4 (Transformed Costs). Let 1) : R, — R, be a nondecreasing, proper, convex, lower

semicontinuous function. Then,

Cw) = ([ el pidp))

satisfies our assumptions for any ¢ € C.

Example 5 (Quadratic Costs). Let ¢ : AQ) x AQ — R be a symmetric, lower semicontinuous

function that is convex in each argument and has ¢(puo, po) > 0. Let

) = [ [ &) pldi) pldp).

Then, C satisfies our assumptions as long as ¢ is positive semidefinite, namely, as long as

[ [ &) (=) d) (0= a)(dpe) = 0
holds for all p,q € P.

Example 6 (Maximum over a Set). Let C C C be a compact (with respect to the supremum norm)

set of continuous functions. Then,

C(p) = max / c(p) p(dp)

ceC

satisfies our assumptions.

3. Cost Minimization

We begin our analysis by studying the cheapest way to induce a given SCR. Specifically, we solve

k(s) = inf C(p) s.t. p can induce s.
peEP



Note s can be rationalizable only if the above program admits a solution: otherwise, no (p, «) that
induces s can ever be optimal, because one can always attain the same utility with lower costs.

To solve the cost-minimization program, observe that every s can be viewed as a signal struc-
ture whose realizations take the form of recommended actions. Therefore, one can apply Bayes

rule to transform any s into its associated information policy, p® € P. Formally, let
Py = E[s,]

be the ex-ante probability that s generates the recommendation a. Whenever p; > 0, Bayes’ rule
dictates the agent’s posterior belief ;15 conditional on the realized action recommendation being a

is given by!!

pie) = =),

a

It follows one can write p® as
pS = Z pzé,ugu

acA
where 9,s € AAQ denotes the distribution that generates p; with probability 1. If every a is
associated with a different 10, then p® is the information policy that yields the posterior ;5 with
probability p;. We follow the literature (Caplin and Dean, 2015) and refer to p; as the revealed

posterior of a given s, and p® as s’s revealed information policy.
Lemma 1. Policy p € P can induce s € S if and only if p = p°. Therefore, r(s) = C(p®).

Similar results are prevalent in the literature for less general settings (e.g., Caplin and Dean,
2015). Despite the difference in generality, the intuition is identical. If (p, ) induces s, one can
generate p° by first drawing a posterior-action pair (1, a) according to (p,«) and then revealing
only the realized action to the agent. Clearly, seeing a alone is less informative than seeing both a
and p. But because a is independent of the state conditional on i, seeing ;4 and a together is just
as informative as observing p on its own. In other words, p is more informative than p°®. Thus, the
lowest-cost way of inducing s is given by p?°.

Our next lemma uses the connection between SCRs and their revealed information policies to

establish several useful properties of the agent’s indirect cost function x.
Lemma 2. The indirect cost k is proper, convex, and weak* lower semicontinuous.

That x is proper follows directly from existence of a finite-cost information policy. To prove

lower semicontinuity, we establish that weak* convergence of SCRs implies convergence of their

""When p$ = 0, we can let g € AQ be arbitrary wherever the term appears.



revealed information policies. To show k is convex, we establish that the information policy re-
vealed by a convex combination of two SCRs is less informative than the convex combination of
the two policies. Using this fact, one can show & is convex using convexity and monotonicity of
C.

We now rephrase the agent’s problem so that it takes the agent’s SCR s as its decision variable.

Given u, the benefit from choosing s is given by'?

Eu-s| = E E uasa] |

Because k(s) gives the minimum cost at which the agent obtains s, we get that s is u-rationalizable

if and only if it solves the program

max {E[u - 8] — /{(s)]. (1)
Observe the above program always admits a solution: because x is weak* lower semicontinuous,
the program maximizes a weak*-upper-semicontinuous objective over a weak*-compact set.'* In
other words, every utility « rationalizes some SCR. In the next section, we ask the converse ques-
tion: which SCRs can be rationalized by some utility function? We show the answer is almost all

of them.

4. Knowing Costs Only: An Impossibility Result

In this section, we study the analyst’s ability to predict the agent’s behavior without knowing
anything about her utility. Thus, we take the agent’s cost function as given and ask which SCRs
can be optimal for some utility function, that is, which SCRs are rationalizable.

Clearly, the agent’s cost function places some restrictions on the set of rationalizable SCRs.
For instance, s can only be rationalizable if it is feasible; that is, only if it is in the set of SCRs that
are attainable at a finite cost,

St =k (R).

The agent’s cost function can also rule out some SCRs whose costs are finite. For example, when-
ever (2 is finite and C' equals mutual information (Example 1), only SCRs that use all actions in
their support in all states are rationalizable; that is, s is rationalizable only if s, is strictly positive
almost surely whenever it is not identical to zero (Caplin, Dean, and Leahy, 2019). Note, however,

that this restriction has little practical relevance, because every SCR violating the restriction can

20bserve E[u - s] is well-defined because u, and s, belong to the dual spaces L*(pg) and L> (), respectively.
13Compactness follows from the Banach-Aloaglu theorem (see, e.g., Theorem 6.21 in Aliprantis and Border, 2006).
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Figure 1: Graphs of the indirect cost function « and some of its subgradients for the case in which 2 =
{z,y}, A={0,1}, and C is given by mutual information (see Example 1). The cost function is drawn as a
function of s1(x) and s1(y).

be approximated arbitrarily well by SCRs that satisfy it.

The above discussion raises the following question: Does C' impose any meaningful restrictions
on the set of rationalizable SCRs beyond feasibility? The following result shows the answer is
negative. To state the result, call a set of SCRs S uniformly dense in S* if every s € S* and € > 0

admit some ¢ in S such that each a € A and ip-almost every w € Q have |s,(w) — to(w)| < €.
Proposition 1. The set of rationalizable SCRs is uniformly dense in S*.'*

For intuition, recasting the agent’s maximization program in geometric terms is useful. To that

end, recall s is u-rationalizable if and only if
Elu-s] — k(s) > Elu-t] — k(t) forall t € S,
which is clearly equivalent to
k(t) > k(s) + E[u- (t —s)] forallt € S.

The above condition has a geometric interpretation: s being wu-rationalizable is equivalent to u
being a subgradient of « at s. It follows s is rationalizable if and only if the set of all such subgra-

dients
0k(s) = {u eU: k(t) > k(s) +E[u-(t—s)] forallt € S},

also known as «’s subdifferential at s, is nonempty. The proposition then follows from observing
that ~ is the convex conjugate of a continuous convex function, and so one can apply a dual version
of the Brgndsted-Rockafellar theorem (Brgndsted and Rockafellar, 1965).

The relationship between subgradients and optimality is a standard fact from convex analysis

41 Q is finite, every SCR in the relative interior of S* is rationalizable.
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(see, e.g., Theorem 23.5 in Rockafellar, 1970)."°> Geometrically, u is a subgradient of « at s if
the function ¢t — k(s) + E[u - (t — s)] defines a hyperplane whose graph supports the epigraph
of x at the point (s, x(s)). Figure 1 visualizes this condition when Q@ = {z,y}, A = {0, 1},
and C' is given by mutual information. In this case, each s can be summarized by the probability
it takes action 1 in each state, (s1(x), s1(y)). The left panel illustrates x as a function of these
probabilities. When s;(z) = s1(y), the action generated by s is uninformative about €2, and so the
agent’s learning costs are minimized. Such SCRs are rationalizable by any utility that is constant
across both actions. Figure 1’s middle panel depicts the supporting hyperplane that results from
such utility functions. As can be seen, the resulting hyperplane lies everywhere below the graph of
K, touching the graph only at the SCRs that are rationalizable via such utilities. For non-constant
utilities, the agent usually finds it optimal to collect some information about the state. The figure’s
right panel depicts a supporting hyperplane that corresponds to such a situation.

Caplin, Dean, and Leahy (2021) prove a specialization of Proposition 1 for the case in which C'
is posterior separable and when all SCRs in the interior of S have a finite cost. Their argument con-
structs a utility function that rationalizes an interior s by choosing u, to be an appropriate member
of ¢’s subdifferential at ;J. This construction suggests a connection between the subdifferentials
of ¢ and k whenever C' happens to be posterior separable. In section 7, we discuss this connection
in greater detail.

One potential concern with Proposition 1 is that it could be driven by indifference. For an
extreme example, suppose learning is free; that is, C(p) = 0 for all p. In this case, only utility
functions that do not depend on the agent’s action (meaning u, = u, for all a, a’) can rationalize
a conditionally full-support SCR. Such indifference seems problematic, because it leaves open the
possibility of obtaining meaningful restriction on choices via the introduction of an appropriate
way to refine optimal behavior.

Next, we state some assumptions under which one can rationalize essentially every SCR with-

out relying on indifference.
Assumption Al.
(i) The cost function C'is strictly monotone.
(ii) The cardinality ranking || > | A| holds.
(iii) The domain S* has a nonempty (norm) interior in S.

Part (i) means learning more always comes at a strictly positive cost. This part rules out indiffer-

I5This relationship is analogously used to connect additive random utility models (e.g., McFadden, 1974) with mod-
els of additive perturbed utility (e.g., Fudenberg, lijima, and Strzalecki, 2015). In particular, Hofbauer and Sandholm
(2002) and Norets and Takahashi (2013) use convex analysis to show every additive random utility model admits an
additive perturbed utility representation.
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ence driven by some information being free. Part (i1) requires the set of states to be richer than the
set of actions. Whenever part (ii) fails, the information policy p® associated with any full-support s
can be written as the convex combination of two other information policies, each of which is asso-
ciated with a different SCR. Hence, if C' is posterior separable (i.e., affine) and Assumption A1(ii)
fails, s cannot possibly be uniquely rationalizable when s has full support.'® Assumption A1(iii)
plays a similar role to A1(ii). Without Assumption A1(iii), the cost C' can restrict the agent to a
low-dimensional set of information policies, a restriction with similar implications to violations of
Assumption A1(ii)."”

Our next result shows that, under Assumption A1, the inability to predict the agent’s behavior

using her information costs alone is not driven by indifference.

Theorem 1. Under Assumption Al, the set of uniquely rationalizable SCRs is uniformly dense in
Sn_ 18

The above result is based on a particular set of SCRs that we call linearly independent. For-
mally, an s € S is linearly independent if {s,},c4 C L (uo) consists of | A| linearly independent
elements. In the appendix, we show such SCRs satisfy two useful properties. First, if s is linearly
independent and C' is strictly monotone (i.e., Assumption A1(i) holds), then s is optimal only if it
is uniquely optimal." Second, the set of linearly independent SCRs is open and dense whenever
parts (i1) and (ii1) of Assumption Al both hold. Since the set of rationalizable SCRs is dense, and
the intersection of a dense set with an open and dense set is dense, we obtain that, under Assump-
tion Al, the set of linearly independent SCRs that is rationalizable is dense, and that every such
SCR is, in fact, uniquely rationalizable.

In addition to showing learning costs alone impose no substantial restrictions on behavior, the
above analysis also highlights the futility of searching for cost functions that require the agent’s
behavior to satisfy certain desiderata. To illustrate, consider the following property, suggested by
Morris and Yang (2021): a cost function C satisfies continuous choice if only continuous SCRs
are rationalizable.”’ Morris and Yang (2021) suggest continuous choice as a way to model agents

who have a hard time distinguishing between similar states. Below, we show the only way to

161n the appendix, we show that without Assumption A1(ii), a full support s can be uniquely rationalizable only if
C'is not affine around p*.

17 Assumption A1(iii) holds, for example, if the agent can obtain a signal that reveals the state with probability ¢,
and provides no information otherwise. It also holds for mutual information costs (Example 1).

I8We also show this set of SCRs admits a dense subset that is open when () is finite, and that the set of utilities that
rationalize an s in this subset is open (regardless of whether €2 is finite).

9This fact generalizes results by Caplin and Dean (2013) and Mat&jka and McKay (2015) about uniqueness of an
optimum under mutual information costs, and Sharma, Tsakas, and Voorneveld’s (2020) Proposition 1(b) about unique
rationalizability under posterior separable costs with binary states. See the appendix for more details.

20An SCR s is continuous if it admits a continuous version; that is, every a admits a continuous function f, : {2 —
[0,1] such that f, = s, almost surely.
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guarantee this property is to make discontinuous information structures infeasible. To show this
result, we observe that continuity of an SCR is a closed property, and so can be satisfied by a dense

subset of S* only if it is satisfied by all of S*’s elements.
Proposition 2. Every rationalizable SCR is continuous if and only if every SCR in S* is continuous.

Thus, our results suggest that except in cases where continuous choice is vacuous, it can only
hold if discontinuous SCRs are infeasible, a property referred to by Morris and Yang (2021) as
infeasible perfect discrimination.”' In terms of C, this property is equivalent to C' assigning infinite
cost to every simple information policy that generates a ;. with a discontinuous Radon-Nikodym
derivative with respect to 1. In section 7, we note one can circumvent the need for infinite costs by
requiring continuous choice to hold only for a restricted set of objectives. For example, one may
require the agent’s choice to be continuous for any bounded objective. As we explain later, such
a requirement is equivalent to a slight weakening of Morris and Yang’s (2021) expensive perfect

discrimination property.

5. Cross-Menu Predictions

The previous section shows learning costs alone impose no meaningful restrictions on the agent’s
behavior given a fixed menu. In this section, we highlight these costs do constrain how the agent
behaves across menus. The reason is that the agent’s choices from one menu allow the analyst
to use the agent’s cost function to extract information about her preferences. In fact, we show
the information revealed by the agent’s behavior is particularly sharp when her cost function is
smooth in a manner we make precise below. This sharpness allows us to prove the following
result: whenever our smoothness conditions holds, most choices in one menu pin down the agent’s

actions in all submenus.

5.1. Smooth Costs

We introduce our smoothness condition in stages. We begin by defining a differentiability notion
for C. To that end, we recall some standard notation. Given a convex set X in a real vector space,
a convex function f : X — R, and z € f~1(R), define the directional derivative of f at = as
dff: X - RU{zxo0} via

4 f(a') =i L [f(a + (@’ = 2)) - f@)].

2'We should highlight that we are abusing terminology slightly: Morris and Yang (2021) require ) to be a real
interval, and say that a cost function satisfies infeasible perfect discrimination if it assigns finite cost only to SCRs that
are absolutely continuous.
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Say c € C is a derivative of C at p € P if [ c(u) p(du) is finite and if every p’ € P has

4ECW) = [ elu) (¢ = p)(d).

The cost function C' is differentiable at p € P if it admits a derivative at p.”> We omit the
dependency on the information policy and say C' is differentiable whenever it is differentiable at
allp ¢ P¢.2

Intuitively, a cost function is differentiable if it prices small shifts in its information in a

posterior-separable manner. Indeed, observe that the function

Cola) = | () aldn)

defines a posterior-separable cost function. In fact, this cost equals C' whenever the latter is already
posterior separable: in this case, C' has a common derivative at all information policies.

In general, the derivative of a differentiable cost function that is not posterior separable depends
on p. For a demonstration, consider the cost function in Example 4, C'(p) = ¢ ([ c(p) p(dp)) .

Whenever v is differentiable, this cost function admits

o ([ etw) plem) e

as its derivative at p, which depends on p whenever 1) is not affine. For another example, consider
the cost function from Example 5. This cost function is differentiable, with a derivative at p € P¢
given by 2 [ &(-, ) p(du). Clearly, this derivative typically changes as p varies.”*

Our next result tightens the connection between posterior separability and differentiability. To

state this result, define the indirect cost function associated with C',

Lemma 3 below shows that, whenever C' has full domain, s is u-rationalizable if and only if it is

u-rationalizable when costs are given by the cost function’s posterior separable approximation at

S

p.

22Note that we require the derivative to be convex (because ¢ € C). In the appendix, we show one can omit this
requirement whenever c is finite and continuous.

20ur notion of differentiability is commonly used in the decision theory literature, where it is often called Gateaux
differentiability (e.g., Hong, Karni, and Safra, 1987; Cerreia-Vioglio, Maccheroni, and Marinacci, 2017). The defini-
tion is slightly different than the way Géteaux differentiability is defined in convex analysis: whereas the latter requires
the convergence to occur from all possible directions (e.g., Phelps, 2009; Borwein and Vanderwerff, 2010), we require
convergence only from directions within the domain of C.

For a non-differentiable cost function, consider Example 6 when C is finite and not equivalent to a singleton. The
cost is not differentiabile at any p on the boundary between two regions where the set of maximizers differs.
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Lemma 3. Fix some s € S and u € U. Suppose C'is finite on P and that c is a derivative of C
at p*.» Then,
s € argmax,cg [E [u - t] — k(t)]

if and only if
s € argmax,g [E [u - t] — k.(1)].

Note the above result does not tell us s and x,. have the same set of maximizers. The reason is
that the cost function’s derivative depends on the SCR around which the cost is approximated. In
other words, u-rationalizability of s is equivalent to s being u-rationalizable under C.. only if c is
a derivative of C' at p®. Unless C' is posterior separable (in which case all SCRs admit a common
derivative), different SCRs usually admit different derivatives.

Next, we define a differentiability notion for derivatives of C'. Given ¢ € C and a simply drawn
p, we say Ve, € L'(uo) is a derivative of ¢ at p if [ Ve, (w) u(dw) = ¢(p), and every simply
drawn ' € A2 has

atel) = [ Veulw) (1 = p)(dw).

The function c is differentiable at ;. if it admits a derivative there. Thus, c is differentiable if it can
be locally approximated by an affine function.

Our key notion of smoothness requires C' to admit a differentiable derivative. Specifically, we
say C is iteratively differentiable at p € P’ if it admits a derivative c at p that is differentiable at
every i € supp p. Thus, an iteratively differentiable cost is locally similar to a smooth, posterior-
separable cost function.

The benefit of having iteratively differentiable costs is summarized in the following proposi-

tion, which tightly characterizes when an interior SCR is optimal.

Proposition 3. Suppose s has full support, and C is finite on P¥ and iteratively differentiable at

p® with derivative c. The following are equivalent for u € U:
(i) SCR s is u-rationalizable; that is, s € argmax, g [E [u - t] — K(1)].

(ii) Some A € L' (o) and y € Ll(uo)ﬁ exist such that every a € A have

Uy = A —Yq + Veus and 7,5, = 0.

One can view the proposition as establishing a Lagrange multiplier result for iteratively differ-

entiable costs, with V¢,s serving the role of the derivative of «. To better see this interpretation,

20ne can weaken the requirement that C' is finite on P¥', assuming only that C'is finite for simple information
policies around p*. See the appendix for more details. Proposition 3 below can be similarly strengthened.
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suppose €2 is finite and that « is differentiable. In this case, s being u-rationalizable is equivalent
to s solving the program
e, [Elu-t] (1)

s.t. ta(w) >0 Va € A, Yw € Q,
D ta(w) =1 Yw € Q.

Applying a standard Lagrangian result (e.g., Pourciau, 1983) gives a multiplier 7,(w) for every
instance of the first constraint and a multiplier A(w) for every instance of the second constraint

such that s is optimal if and only if

1 Ok
10(0) D)

Uq(w) — + Yo (w) = Alw) = 0.

1 Ok

Observe the above display equation specializes to condition (ii) of the proposition, but with (@) F5a(@)

replacing V.

In addition to characterizing optimality of a full-support s, Proposition 3 also enables one to
recover the agent’s utility function from their behavior, up to a nuisance term. For an explanation,
suppose s has conditionally full support and that C'is iteratively differentiable at p® with derivative
c. Let v’ be the utility function defined via u; := V¢, for all a. Then, Proposition 3 implies
a utility v rationalizes s if and only if u generates the same optima for all menus. The reason is
that u equals u® plus an action-independent shift, A, the addition of which has no impact on the
set of maximizers.’® The next section uses this observation to identify conditions under which the

agent’s choices in one menu are sufficient for pinning down her behavior for all submenus.

5.2. Unique Subset Predictions

We now use the results of the previous section to show the agent’s learning costs restrict her be-
havior across menus. To model these restrictions, let A be all nonempty subsets of A. For any
Be AletSg={s€S: Y,c55. = 1} be the set of SCRs that only use actions in B. Given a
utility function u, we say s € Sp is u-rationalizable over B if s solves the agent’s problem when

the agent is restricted to only using actions in B; that is,

s € argmax; g, [E[u-t] — x(t)].

26Note 7,5, = 0 means v, = 0 when s has conditionally full support.
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Say s € S yields unique subset predictions if every B € A has a unique ¢t € Sp that admits a
utility that both rationalizes ¢ over B and rationalizes s (over A). Thus, if the agent chooses from
A according to s, and s yields unique subset predictions, we can deduce exactly what must be the
agent’s chosen SCR when she’s restricted to B.

Next, we introduce assumptions that enable us to conclude many SCRs yield unique subset
predictions. To state the assumption, say an information policy is fully mixed if all posteriors in

its support have a strictly positive Radon-Nikodym derivative with respect to 1.
Assumption A2.

(i) C is finite at every simple information policy.”’

(ii) C'is iteratively differentiable at every simple and fully mixed information policy.
(iii) If p € P¥ is not fully mixed, d;f C(6,,) = —oc.

The first two parts of the assumption require C' to be smooth, as explained in the previous
section. The third part requires C' to have infinite slopes at simple information policies that are not
fully mixed. This property, which is satisfied by mutual-information costs (Example 1), implies an
SCR can be rationalizable only if it uses all actions in its support in all states. In particular, a full-
support SCR is rationalizable only if it has conditionally full support. Therefore, Assumption A2
implies one can use Proposition 3 to recover the agent’s utility function, up to a choice-irrelevant
nuisance term, whenever she employs a full-support SCR. As Lemma 4 below shows, the agent’s
utility function enables the analyst to precisely predict the agent’s conditional action distribution,

except for a knige-edge set of utilities.
Lemma 4. The set of utilities with multiple rationalizable SCRs is meager and shy.”

Lemma 4 essentially follows from the fact that most hyperplanes that support the graph of a
well-behaved convex function admit a unique support point. Figure 2 illustrates a sense in which
this fact holds for a convex function ¢ defined over a closed subinterval of R. In one dimension, a
subgradient is defined via the slope of the corresponding line. For a line to support ¢ in multiple
points, the line’s slope must equal the slope of ¢ in an interval over which ¢ is affine. Clearly,
at most countably many such intervals can exist, and so the set of gradients that admit multiple
support points must be countable as well. Being countable, the set is also meager and Lebesgue

null, two properties that generalize to higher dimensions.

2 This condition implies S* = S, and, in particular, implies A1(iii).

28 A set is meager if it is a countable union of nowhere dense sets. A set ) C U is shy if some probability measure
v € AU with compact support assigns zero measure to every translation of V, that is, if v(V + u) = 0 for all u € U.
Shy sets generalize Lebesgue null sets beyond the case of finite dimensions (see Hunt, Sauer, and Yorke, 1992). Thus,
the proposition implies that for finite {2, the set of utilities that admit multiple rationalizable SCRs is Lebesgue null.
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Figure 2: A convex function over an interval with the set of its subgradients that attain multiple support
points.

Using the above facts, our next result demonstrates that the agent’s learning costs often impose

strong restrictions on the agent’s behavior across menus.
Theorem 2. Under Al and A2, SCRs yielding unique subset predictions are weak* dense.

To prove the theorem, we first use Lemma 4 to find a dense set U/ 4 of utilities that attain a
unique optimum at every menu. The proof then proceeds by identifying a dense subset of SCRs
that are rationalizable by utilities in ¢/4. To identify this subset, we observe Theorem 1 and As-
sumption A2(iii) imply the set of uniquely rationalizable SCRs with conditionally full support is
dense in S*. Using a continuity property of the subdifferential, we then show one can approximate
any s in this set with SCRs that are rationalizable by some utility in /4. Moreover, because s
has conditional full support, the approximating SCRs can be taken to have the same property.>’
Focusing on one of the approximating SCRs, Proposition 3 implies all utilities that rationalize it
generate the same optima for all menus. Because one of these rationalizing utilities comes from
Uy, it follows that, for any given menu, all of these utilities uniquely rationalize the same SCR.
In other words, each of the SCRs approximating s yields unique subset predictions. Since s is an

arbitrary element of a dense subset of S, the result follows.

6. Cross-Menu Tests

In previous sections we explored the predictive content of the agent’s costs under two extreme
scenarios: section 4 considers the case of no auxiliary data, whereas section 5 studies the case
where this data is ideal. In this section we explore the middle ground, studying the restrictions
imposed by the agent’s cost function in an arbitrary data set. In doing so, we develop a test for
whether the agents’ choices are consistent with a given cost function.

Throughout this section, we focus on cost functions that satisfy Assumption A2(i) and A2(ii),

which are satisfied by virtually all models used in the literature.

2This property of the approximating SCRs relies on Assumption A2(iii). We note this assumption is not needed
when €2 is finite, because in this case, the set of conditionally full-support SCRs is open.
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We consider an analyst who can estimate the agent’s chosen SCRs in a subset of all possible
menus. Specifically, we define a data set to be a pair, D = (B, 5), where the set B C A contains
the menus on which the analyst can estimate the agent’s behavior, and § : B — S maps each such
menu to the SCR describing the agent’s behavior in that menu, and so has 32 := 3(B) € Sj for
each B € B. Such data sets have been produced in the literature, see Dean and Neligh (2022), and
Caplin et al. (2020), for example. Our main goal is to develop necessary and sufficient tests for a
data set to be compatible with a given cost function and a common objective. Specifically, we are
interested in testing whether a data set D is consistent, meaning a utility function u € U exists such
that, for every B € B, the SCR 37 is u-rationalizable over B. We find it convenient to concentrate
on data sets in which the agent takes all feasible actions with positive probability conditional on the
state. These are data sets that have conditionally full support, namely 37(w) > 0 holds almost
surely for all « € B € B. We discuss data sets without this property at the end of this section.

Our tests are based on a particular class of cycles generated by the data. To describe these
cycles, note that every data set induces a bipartite graph G'p with vertex classes B and A, and for
which an edge exists between B € B and a € A if and only if a € supp 37. A testable cycle
is a cycle in this graph that begins (and therefore ends) with an action. In other words, a testable
cycle is a sequence agBia; Basy . .. Byay such that ag = ay, and {a,_1,a,} C supp 3P for all
ne{l,...,N}

To better understand the concept of testable cycles, consider the following example. The
agent has three actions A = {z,y, z}, the utility of which depends on a state that is uniformly
distributed over {1,2,3}. The analyst can estimate the agent’s chosen SCRs on three menus,

B ={{z,y,z},{z,y},{y, 2} }, with the agent’s behavior in these menus is given by

(5.27) ifw=1,
(B, lrvs pleva)) (w) = (2,1,2) ifw=2
(2,2,1) ifw=3,
(%,%,O) ifw=1,

(e, gl Bleat) () = $ (2,1,0) ifw=2, 2)
(5:3:0) ifw=3
(0.3.3) ifw=1,
(30090, 52 9) ) = 4 (0.3.3) it =2
(0,21) ifw=3

In this example, the data set /5 has conditionally full support. Therefore, the bipartite graph induced
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x {z,y} {z,y}
Yy {xvyvz} {JI?,Z/,Z}
< {y, 2} {y,z}

Figure 3: The left panel depicts the bipartite graph induced by a conditionally full support data set (B, )
with B = {{z,y},{z,v,2},{y, 2z} }. The right three panels depict the three simple cycles contained in this
graph.

by [ has an edge between an action ¢ and a menu B € B if and only if a € B. In other words,
this data set induces the graph drawn in Figure 3. This graph contains three simple testable cycles:
zA{x,yty{z,y, 2} x, y{z,y,2} z{y,2} y, and z {z,y} y {y, 2} 2z {z,y, 2} x. Every other
testable cycle involves concatenations of these three cycles (possibly in reversed order or starting
at a different action).

It turns out to be convenient to focus on a special subset of testable cycles called a cycle basis.
To define such a subset, let Ep be the set of all edges in the graph induced by D—that is, the
set of all pairs, {a, B} such that B € B and a € supp 7. Associate each testable cycle y =
aoBia; Bsasy . .. Byay with the cycle vector /X € RF? given by

oy = {n: (@, B) = (an—1, Bu)} = [{n: (B, a) = (B, an)} -

Let £ be the vector subspace of RF? spanned by the set of all cycle vectors. A cycle basis is a set
of cycles whose corresponding vectors form a basis for £. Informally, a cycle basis is a minimal
set of cycles that is sufficient for generating any other cycle in the graph. For more information
on different types of cycle basis and algorithms that generate them, see a standard reference, e.g.,
Bollobds (2012).*° For the current purpose, it suffices to note that several algorithms exist for
finding a cycle basis, and that one can easily calculate a basis’ cardinality: any cycle basis of the

graph induced by a given data set D contains

> Isupp 87 — [A] - |B| + k 3)
BeB
cycles, where k is the number of connected components of the graph.
To demonstrate the definition of cycle basis, consider again the data set presented in equa-
tion (2). As noted earlier, every testable cycle in this example is essentially a concatenation of
some combination of the following three simple cycles: x; = = {z,y} y {z,y,2} =, x2 =

y{r,y,2} 2 {y,z} y,and x3 = = {z,y} y {y, 2} z {x,y, 2} x. However, the calculation from

39Bollobas (2012) Chapter II, §3 defines cycle bases, characterizes their cardinality, and provides an explicit con-
struction of one.
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equation (3) says that only 2 cycles are necessary for obtaining a cycle basis. We now explain that
{x1, x2} is a cycle basis. To do so, observe first that the corresponding set of vectors {¢X* (X2} is
linearly independent, because each cycle contains an edge that is not included in the other. Second,
recall every cycle is built from the three previously-mentioned cycles. Therefore, for every cycle
X, one can find three integers ki, ko, k3 € Z such that (X = k0X' 4 kolX? + k30X3. And third,
observe (X3 = (X1 — (xz_Tt follows {¢X', (X2} is a linearly independent set of vectors that spans
L—i.e., {¢X' (X2} is a cycle basis.

Testable cycles are important because they trace all the restrictions imposed by the consistency
requirement. To introduce these restrictions, we require some additional notation. Fix some data
set D = (B, 3). For each B € B, let ¢® be some derivative of C' at p?”, and take 2 = 1" to be
posterior revealed by action a given SCR 3”. Then for every B and action a € supp %, we can
define the function

D . B
a,B ‘T VCMGB'

Armed with these definitions, we can associate each testable cycle agBia; Boas . .. Byay with the
following equation’!
N
Z (fl’anuBn - f£717Bn) - O (4)
n=1
Corollary 1 below states that a conditionally full-support data set is consistent only if equation (4)
holds for all testable cycles. This corollary also shows that any conditionally full-support data set
satisfying equation (4) for all testable cycles is consistent. In fact, the corollary shows something
stronger: to prove that a data set is consistent, it suffices to establish equation (4) only for the

testable cycles contained in a given cycle basis.

Corollary 1. Suppose C' satisfies Assumptions A2(1) and A2(i1), and let D be a data set with

conditionally full support. Given any cycle basis, the following are equivalent:
(i) The data set D is consistent.
(ii) Equation (4) holds for every testable cycle.

(iii) Equation (4) holds for every testable cycle in the cycle basis.

We now briefly discuss the logic behind Corollary 1. The equivalence between (ii) and (iii)
follows from observing that equation (4) requires all cycle vectors to be in the kernel of a fixed
linear map. Thus, the crux of the corollary is in the equivalence between parts (i) and (ii). To

understand this equivalence, revisiting Proposition 3 is useful. According to this proposition, a

31 Although the definition of (f 5 5 )ac B depends on the choice of derivative c® for each B, this dependence shifts

f g in the same way for every a € B. Because each testable cycle has exactly one outgoing edge from B for each

incoming one, the left-hand side of equation (4) turns out not to depend on this choice of derivative.
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conditionally full support data set D = (BB, 3) is consistent if and only if we can find two vectors

of L(p) functions, (g )aca, and (Ap)pes, such that forall a € A and B € B,

wB = U — Ap. (5)
Thus, Proposition 3 reduces the question of whether a data set is consistent to a specific instance
of a standard problem in electrical networks: when can one assign each a € A an electric potential
uq, and each B € B an electric potential A, so that (f  gives the difference in potentials between
a and B? The answer is that such an assignment is feasible if and only if 7 satisfies Kirchhoff’s
voltage law, which corresponds exactly with equation (4) holding for all testable cycles. Thus,
Corollary 1 follows directly from Proposition 3 and the logic behind Kirchoff’s law.

As noted above, Part (iii) of Corollary 1 tells us that to establish consistency of a data set, it
suffices to test equation (4) only for the cycles contained in some cycle basis. One might wonder
whether it is possible to do the same with a different, potentially smaller set of cycles. The next

result establishes the answer is negative.

Proposition 4. Suppose C satisfies Assumptions Al and A2. Let B C A be any set, and let X be
a set of testable cycles (for full-support data sets on BB) that contains no cycle basis. Then some
inconsistent, conditionally full-support data set (BB, 3) exists such that equation (4) holds for every
cyclein X.

The above results allow analysts to test for a particular cost function without making assump-
tions on the agent’s payoffs. Consider the task of testing whether costs are given by mutual in-
formation, for example. The experimental literature focuses on the Independent Likelihood Ratio
(ILR) condition (see Caplin and Dean, 2013; Dean and Neligh, 2022), which states that for finite
states, s is optimal when costs are given by C'(p) = 0 [ K () p(du) for some 6 > 0 only if

paw) _ mp(w)
/

ela(w)/0 - eub(w)/0

for all a and b that s generates with positive probability. Testing this condition requires analysts
to know the agent’s payoffs from different actions. To pin down these payoffs, experimenters
either assume participants’ payoffs are linear in money (see Caplin and Dean, 2013), or craft their
experiment so that rewards are given via “probability points” (e.g., Caplin et al. (2020), or Dean
and Neligh (2022)). By contrast, Corollary 1 allows one to test for mutual information costs using
the agent’s decisions across menus. Specifically, Corollary 1 implies a data set with conditionally

full-support 3 is consistent with the cost function C(p) = 6 [ K(u) p(du) if and only if every
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testable cycle satisfies equation (4), with*

B

For a demonstration, consider again the data set from equation (2). As explained earlier, the two
cycles x1 = x {x,y} y {x,y,2} x and xo = y {x,y, 2} z {y, 2} y form a cycle basis. Hence,
checking whether equation (4) holds for these two cycles is sufficient for testing consistency of
that data set. Since there are three states, each of these cycles generates three equations, giving a
total of six equations to check. For example, evaluating equation (4) for the first cycle y; at state

w =1 gives

f:g{:p,y}(1> - fgf{m,y}(l) + fg?{:v,y,z}(l) - fD{w,y,z}(]')

1/3 2/3 +log 2/5 . 1/5

—0 1
=0 |log g ~los g Tloe s —los g

log ——
=0.

More generally, one can show all instances of equation (4) holds for both cycles. Hence, one
can use Corollary 1 to show that the data set from (4) is consistent with the agent having mutual
information costs without having any payoff information.*

Corollary 1 is also useful for testing for cost functions that do not have a revealed preference
axiomatization. For an example, suppose one is interested in testing whether costs are given by

mutual information to the power of 6 > 1,

= [/ K(p) p(du)r

In this case, the function ff 5 1n equation (4) becomes

01 B
Py =0[ma(85)] log %
Pa

where kyr(s) = E [Zae A Saq log ;—“] is the indirect cost function for the mutual information case.
We now use our test to show the example from equation (2) is inconsistent with the cost C'(p) =
[/ K () p(dp)]? any @ > 1. To see this, evaluate the left hand side of equation (4) for the cycle

32To obtain this condition, observe that if s has full support, the iterated derivative of mutual information costs is

given by Vo = log 5 d“

a = log
30Observe this test is 1ndependent of #. This independence comes from the fact that an s is u-rationalizable when
costs are given by 0C' if and only if it is (u/6)-rationalizable when costs are given by C'.
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x1 =z {x,y} y{z,y, 2z} v atstate w = 1 to get

E{x,y}(l) - ff{x,y}(l) + g}?{x,y,z}(l) - fg{:(;,y,z}<1> =
6—1 0—1
{3 )™ = [aann(@=)]"  o10g2

which differs from zero for all 8 > 1, because /{MI(B{x’y’Z}) * /@MI(B{W}) and k7 > 0. Thus,
this example data set is inconsistent with a strictly convex power of mutual information.

So far, we focused on data sets with conditionally full support. We conclude the section by
discussing what happens when this assumption is violated. For this purpose, we introduce two
definitions. First, say a data set D = (B, 3) is fully mixed if 37 is strictly positive almost surely
whenever 35 is not identical to zero. In other words, a fully-mixed data set has SCRs that use
all actions in their support in all states, but may not use all available actions in some menus.
Second, refer to D = (B, 3) as having full support if it always uses all available actions; that is, if
supp 32 = B for all B € B. Observe that a conditionally full-support data set is exactly one that
is fully mixed and has full support.

For a fully-mixed data set without full support, the restrictions imposed by (4) are necessary
for consistency, but not sufficient. The lack of sufficiency arises because (4) does not incorporate
the fact that certain actions are not taken in some menus. In Online Appendix C, we present an
example of a data set that satisfies equation (4) for all cycles but is inconsistent.

For full-support data sets that are not fully mixed, our test is sufficient for consistency, but is not
necessary. For intuition let us return to Proposition 3. This proposition implies that a full support
data set is consistent if and only if we can find a utility v € U, and multipliers A\ € Ll(uO)B and
v € Ll(uo)ﬁXB, such that

Va€ Aand B € B: 05 = ug — Mg+ Yo and 7,5(-)B2 (-) = 0 almost surely. (6)

As explained earlier, our test is equivalent to satisfying the above with the additional requirement
that v is zero. Thus, our test is clearly sufficient for consistency of a full-support data set. When
the data set is also fully-mixed, our test is also necessary, because v, (-)3Z(+) can be zero for all
a € Aand B € B if and only if v = 0. However, without the fully-mixed requirement, our test is
too strong, because v need not equal zero for (6) to hold. And indeed, Online Appendix C presents

an example of a consistent data set that fails the test outlined in Corollary 1.%*

34Observe that any such example must violate Assumption A2. Indeed, if Assumption A2(iii) were satisfied, every
consistent full-support data set would have conditionally full support.

25



7. Discussion

In this section, we discuss our model’s assumptions, additional results, and the relationship to

existing literature.

Partial Knowledge of Benefits. For a fixed menu, we studied the restrictions imposed on the
agent’s behavior by her information acquisition costs with complete knowledge and complete ig-
norance of her preferences. In the appendix, we develop tools for analyzing an intermediate case
in which the analyst knows the agent’s utility belongs to a well-behaved set, )V C /. In particular,
we characterize when an SCR s can be rationalized by some utility in V. The characterization
involves comparing the directional derivative of x at s with the support function of V. Intuitively,
the directional derivative gives the marginal cost of shifting behavior away from s, whereas the
support function gives the maximum benefit of shifting one’s SCR towards s. Our result shows
that, whenever the latter is lower than the former, some utility in ) rationalizes s.

To apply the above-mentioned result, one needs to calculate the support function of the set of
utilities )/, and the directional derivative of the agent’s indirect cost x. Calculating the support
function of V is a standard optimization problem. In the appendix we solve this problem explicitly
for a few economically relevant sets of utilities.

In general, calculating the directional derivative of x can be a complicated problem. To simplify
it, we show that for differentiable costs, one can replace x with its posterior separable approxima-
tion, k.. This replacement is useful, because one can calculate the directional derivative of x. using
the directional derivative of ¢, which is often easier to derive. We refer the reader to the appendix

for the exact statement of these results.

Partial Knowledge of Costs. Our model assumes the analyst knows the agent’s learning costs
exactly. Maintaining this stylized assumption enables us to study the degree to which the agent’s
learning costs pin down her behavior. In practice, many analysts may not know C' exactly, but are
instead capable of restricting it to belong to some set €. Some of our results also speak to this case.
For example, Proposition 1 implies the set of SCRs that is rationalizable by some cost function in
¢ is uniformly dense in the set of SCRs that are feasible for some C' € €. Similarly, if each C' € €
satisfies A1, Theorem | immediately implies the set of uniquely rationalizable SCRs is uniformly
dense in the set of SCRs that can be induced at finite C'-cost for some C' € €. Lemma 4 also extends
somewhat: if € is countable, the set of utilities that does not generate a unique prediction for some
C € € is meager and shy. Hence, for most utility functions, the analyst’s uncertainty about the
agent’s behavior reduces to the uncertainty about C—provided € is countable. The reason is that

a countable union of meager and shy sets is itself meager and shy. By contrast, we do not know of
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an immediate way to extend Theorem 2 to accommodate multiple cost functions.

Generalizing Corollary 1 to a set € of cost functions satisfying Assumption A2(i) and (ii) is
straightforward: a data set is consistent with the set € if and only if the Corollary 1’s test holds for
some cost function in the set. Even if the data set is consistent with €, one can still use Corollary 1’s
test to identify which subset of € could have generated a given data set. For an example, consider an
analyst equipped with the data set from (2) who believes costs are given by the LLR cost function
(see Example 2), but is unsure about the value of the parameter 8. Using the test in Corollary 1,
the analyst can deduce @ must be symmetric. Moreover, every symmetric 6 is consistent with the

data set in (2) (see Appendix B.2 for more details).

Unique Rationalizability and Strict Convexity. Our analysis showed that, under A1, one can rule
out indifference as the source of the analyst’s inability to predict behavior using the agent’s learning
costs. We focused on A1 because it accommodates the important case of posterior separable costs.
An alternative way to obtain a similar result is to look at costs that are strictly convex. We now

provide such a result.

Proposition 5. Suppose C is strictly convex on PC, and PC # {6,,}. Then, a set of uniquely
rationalizable SCRs exists that is uniformly dense in S* and is open if ) is finite. Moreover, this

set of SCRs is rationalized by an open set of utilities.

As the above result highlights, some rationalizable SCRs need not be uniquely rationalizable
even when C' is strictly convex. The reason is that some convex combinations of SCRs change
the way the agent randomizes over actions conditional on her information without changing the
information itself. For example, suppose the action set is binary, A = {0, 1}, and take s and ¢
to be the SCRs that respectively take action 1 and 0 regardless of the state. Clearly, both SCRs
reveal an uninformative information policy, p* = p' = ¢,,. Moreover, the same is true for any
convex combination of s and ¢, because any such combination results in the agent’s actions being
independent of the state. It follows the cost of any such convex combination is identical to the cost
of s and ¢. In other words, even when C' is strictly convex,  is still affine over some line segments.

To prove Proposition 5, we use strict convexity of C' to identify regions where « is strictly
convex. Specifically, we show & is strictly convex over any line segment with an end point that
satisfies the following property: every action is used with positive probability, and no two actions
reveal the same posterior. Therefore, any rationalizable SCR with this property is uniquely ratio-
nalizable. The proposition’s proof then proceeds as the proof of Theorem I, but with SCRs with
the previously mentioned property taking the role of the set of linearly independent SCRs.

Next, we note substituting strict convexity of C' for A1 does not alter the conclusions of Theo-

rem 2.
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Proposition 6. If C' is strictly convex on its domain,

Q| > 1, and A2 holds, the set of SCRs that

vield unique subset predictions is weak* dense.

The argument for Proposition 6 follows the same reasoning as Theorem 2. We refer the reader

to the appendix for the specific details.

Subdifferentials, Rationalizability, and Posterior Separable Costs. Among their many contri-
butions, Caplin, Dean, and Leahy (2021) also identify a connection between rationalizability and
subdifferentiability for the case in which C' is posterior separable. More specifically, Caplin, Dean,
and Leahy (2021) show that if €2 is finite and C'is posterior separable, s is rationalizable if and only
if ¢ has a nonempty subdifferential at all beliefs in the support of s’s revealed information policy;
that is, dc(us) # @ for all a € supp 5. Because rationalizability of s is equivalent to Ok (s) being
nonempty, Caplin, Dean, and Leahy’s (2021) result delivers the following conclusion: whenever (2
is finite and C' is posterior separable, Jx(s) is nonempty if and only if dc(u?) is nonempty for all
a € supp S.

One can decompose Caplin, Dean, and Leahy’s (2021) argument into two. First, they show one
can construct a utility function that rationalizes s by setting wu, to be an appropriately normalized
member of dc(u?). In the appendix, we show Caplin, Dean, and Leahy’s (2021) construction
extends to infinite states and the case in which costs are merely differentiable. In other words, we
show Ok(s) is nonempty whenever C' admits a derivative ¢ at p® for which dc(pf) is nonempty for
all a € supp(s).

Caplin, Dean, and Leahy (2021) also establish a converse: when costs are posterior separable
and the state is finite, s is rationalizable only if Oc(u?) is nonempty for all a in s’s support. To
prove this claim, Caplin, Dean, and Leahy (2021) prove a duality result to obtain a Kuhn-Tucker-
like necessary condition for s to be u-rationalizable, and show adding the relevant multiplier to u,
witnesses Oc(u$) being nonempty. Our results imply this approach generalizes to differentiable
costs as well. The reason is that, under Lemma 3’s conditions, s is rationalizable if and only if it
is rationalizable by C’s posterior separable approximation at p°. Thus, given s and a finite-valued
cost that admits a derivative c¢ at p®, the SCR s is rationalizable only if Oc(2) is nonempty at all
a € supp(s)—provided the state is finite. Finite states are necessary because Caplin, Dean, and
Leahy’s (2021) duality result may not apply with infinite states. To establish similar duality results
for the infinite state case, one usually needs additional regularity conditions (see, e.g., Gretsky,
Ostroy, and Zame, 2002; Dworczak and Kolotilin, 2019). Lacking such a result or an alternative
proof method, we do not know whether 0k (s) being nonempty implies the nonemptiness of dc ()

for all a € supp(s) when the state is infinite.

3See the definition of dc(p2) in Appendix A.5.
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The construction from the first part of Caplin, Dean, and Leahy’s (2021) argument delivers
an alternative way of proving Proposition 1 for the case in which the state is finite and costs are
posterior separable. Given our above-mentioned result, the same argument extends to costs that
are differentiable. For an explanation, recall the subdifferential of a convex function is nonempty
over the relative interior of its domain (see, e.g., Rockafellar, 1970, Theorem 23.4), which is
always nonempty in finite dimensions. Because an interior s reveals only posteriors that have full
support, and because all such posteriors are interior when the state is finite, one gets that, when €2
is finite, dc(u?) # @ for all a whenever s is interior. Therefore, when costs are differentiable, one
can use Caplin, Dean, and Leahy’s (2021) construction to prove Proposition 1 for the finite-state
case. However, with infinite states, Caplin, Dean, and Leahy’s (2021) approach does not deliver
an immediate proof for Proposition 1. The reason is that the relative interior of ¢’s domain is
empty, and so Jc(y?) may be empty as well. By focusing on the subdifferential of « (which is well
defined even when C' is not differentiable), our proof not only avoids this issue, but also establishes

Proposition 1 for a more general class of cost functions.

Convexity and Monotonicity. In our analysis, we assumed C' is monotone and convex. We now
explain these two assumptions are essentially without loss. In particular, we argue the indirect cost
function generated by every lower semicontinuous and proper (' is identical to the indirect cost
generated by a convex and monotone cost function.

To get the result, we must first redefine the agent’s indirect cost function so as to allow ran-
domization over information policies. Specifically, we let the agent choose a distribution over
information policies, ) € AP. We say such a distribution can induce an SCR s if some action

strategy o : AQ — AA is such that, for every a € A and every event ),

[ alalim)u(@) p(dp) Q(dp) = El1gsd].
The indirect cost function is then given by

K(s) = QienAf73 C(p) Q(dp) s.t. Q can induce s. (7)

Note randomization is not necessary when C' is convex, in which case the above reduces to our

previous definition of x. The next result shows a sense in which such convexity always holds.

Proposition 7. Let k be the indirect cost function induced by a lower semicontinuous and proper
C:P =R Then, the infimum in (7) is attained. Moreover, K is also induced by some cost

function C that is lower semicontinuous, proper, convex, and monotone.

Our argument begins by observing () can induce s if and only if its mean, ¢ = [p Q(dp),
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is more informative than s’s revealed information policy p*. It follows the agent’s indirect cost
function remains unchanged if we replace C' with a cost function C' that assign each p with the
expected cost (under O of the cheapest randomization whose mean is more informative than p.
We then show Berge’s theorem guarantees C' is lower semicontinuous and that monotonicity and
convexity of C' follow from > being a transitive order that respects convex combinations.

Caplin and Dean (2015) use a similar construction to show every behavior generated from
costly flexible learning in a finite collection of menus can be rationalized using a convex and
monotone cost function. de Oliveira et al. (2017) prove a representation result for preferences
over menus with similar implications. In particular, they show one can always take the cost of p
to equal the maximum difference between the agent’s benefit from using p in some menu and her
certainty equivalent for that menu. Moreover, the resulting cost function is the unique cost function
that is simultaneously convex, monotone, zero at no information, and consistent with the agent’s

preferences OVEr menus.

Continuous Choice with Bounded Ultilities. Proposition 2 shows the only way to guarantee con-
tinuous choice across all objective functions is to require all discontinuous SCRs to have infinite
cost. We now explain one can avoid the use of infinite costs if one is willing to require the agent’s
choice to be continuous for all bounded utility functions. In particular, C' generates continuous

choice for all bounded utility functions if and only if it satisfies an infinite-slope condition.

Proposition 8. An SCR s is not rationalizable by any bounded utility function if and only if

r(s) = K(?)

= —00. (8)
tes<\{s} ||s —t|

In particular, only continuous SCRs are rationalizable by a bounded utility function if and only if

(8) holds for all discontinuous s.

The result is an immediate consequence of Gale (1967), who shows bounded steepness is a
necessary and sufficient condition for the subdifferential of a convex function to contain some
linear function that is continuous with respect to a given norm.*

Proposition 8’s infinite-slope condition is reminiscent of a different condition by Morris and
Yang (2021), who introduce the notion of continuous choice to study equilibrium selection in
global games. Holding other players’ strategies fixed, one can view the problem of each agent in
their game as an instance of our model in which Q@ C R is an interval, A = {0, 1}, payoffs are

bounded, and S* is contained in the space of all SCRs for which s; is nondecreasing. Morris and

3Using identical reasoning, one can replace || - ||; in Proposition 8’s statement to analogously characterize which
SCRs are rationalizable by other subspaces of utilities. See Online Appendix B.6 for details.
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Yang (2021) show multiplying ~ by a vanishing constant leads to a sharp equilibrium-selection
result, provided only SCRs in Syc := {s € S : s absolutely continuous} can be rationalized by
some monotone and bounded utility function. They also prove this latter property holds whenever
r satisfies a condition called expensive perfect discrimination, which states that for every s €
5"\ Sac, the cost function « exhibits unbounded || - ||;-steepness in the direction of SCRs in Sac.
By contrast, Proposition 8’s condition allows « to exhibit unbounded steepness from any direction,
and shows allowing for these additional directions results in a condition that is both necessary and
sufficient for ruling out discontinuous SCRs as rationalizable by any bounded utility, including

utilities that are not monotone.

Costly Stochastic Choice. In our model, we assumed the agent faces a cost to acquire informa-
tion, which we then used to derive an indirect cost function over the set of SCRs. By contrast,
some models formulate a cost function < on SCRs directly, without micro-founding it via informa-
tion acquisition (e.g., Mattsson and Weibull, 2002; Fosgerau et al., 2020; Flynn and Sastry, 2021;
Morris and Yang, 2021). Some of our results apply to those models as well, provided & is convex,
proper, and weak™* lower semicontinuous. Because the arguments for Lemma 4 and Proposition 1
rely only on properties of the agent’s indirect cost function, both of these results also apply to
models in which the cost of an SCR does not originate from information acquisition. The same
holds for parts (i) and (ii) of Proposition 2, as well as Proposition 8.

To get an analogue of Theorem 1, the cost £ must satisfy additional properties. The most obvi-
ous such property is strict convexity: if & is strictly convex, every rationalizable SCR is uniquely
rationalizable, and so the logic behind Proposition 1 delivers a uniformly dense set of SCRs that
are uniquely rationalizable.

With strict convexity, one can also get an analogue of Theorem 2, provided & is sufficiently

smooth. Say v € U is a derivative of & at s if for all ¢,
dic(t)=E[u-(t —s)].

Similar to the case in which (' is iteratively differentiable, we show in the appendix that given an
interior s, the cost £ admits u as a derivative at s only if all utilities that rationalize s differ from u
by a nuisance term; that is, v rationalizes s if and only if some \ € L! (o) is such that v, = ug + A
for all a. Armed with this observation, one can repeat the arguments guaranteeing Theorem 2 to
show a weak*-dense set of SCRs exists that induce unique subset predictions, provided & is finite-
valued, admits a derivative at any interior SCR, and has infinite slope at the edges. Thus, whereas
k imposes few restrictions on the agent’s behavior in a given menu, across menus, one can still use

k to make meaningful predictions about the agent’s choices.
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A. Proof Appendix

A.1. Section 3 Proofs

Proof of Lemma 1. First, suppose p = p°, as witnessed by m : AQ — AAQ. Any a € supp(s)
then has m(-|uS) < p because p is a proper weighted average of the finitely many measures
{m(112) } acsupp(s)- S0 let aq = AQ2 — 0, 1] be some version of the scaled Radon-Nikodym

s dm( “‘a) for each a € A with p > 0; and let o, = O for every other a € A. By

derivative p;

construction, Zae A4 Qg =pae. 1, 80 we can change {ay, },ca On a p-null set to ensure the equation
holds globally. Let us now show the strategy (p, ) induces s, where « := >, 4 @,d,. Indeed, for
any action a € A and event Q0 C Q, the strategy’s induced probability of action a being played and

event €2 occurring is zero (like under s) if p; is zero, and is otherwise equal to

[ @) pldu) = [ p(@p; L () () = pi [ 0@ midulug) = pipi(@) = E[Lg 5]

Therefore, p can induce s.
Conversely, suppose some strategy (p, a) induces s. For any a € A with p? > 0, we can define
q* € AAQ by letting ¢*(D) := é [p alalp) p(dp) for every Borel D C AQ. Every a € supp(s)
and every event () C () then have

[ @ ¢*(dn) = & [ u@alalu) pldn) = £ | saw) poldw) = (),

Said differently, every a € supp(s) has [ 1 ¢®(dp) = p5. Hence, p = Y uca D5q% = Yaca Do0us =
p°. m|
For the proof that follows, recall the Hardy-Littlewood-Polya-Blackwell-Stein-Sherman-Cartier
theorem (Phelps, 2001, p. 94)—hereafter, the HLPBSSC theorem—says p, ¢ € P satistfy p >~ ¢
if and only if [ f p(du) > [ f q(du) for every convex continuous f : AQ — R.
Our next lemma establishes several connections between stochastic choice rules and their re-

vealed information policies. This lemma is the crucial step required for proving Lemma 2.

Lemma 5. The following hold:
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(i) If (s™)°2, weak* converges to s, then (p*")°, converges to p°.”’

(ii) Forany s,tin S and T € (0,1),

(1 o T)ps + 7_pt - p(l—r)s—i-rt‘ (9)

(iii) Moreover, the information ranking in (9) is strict whenever some a € supp(s) N supp(t)

exists such that u # it

Proof. Let us first prove part (i). Recall s — s weak™ in S tells us

pi' [ F@) 1 () = v [ F() i) asn = o0, Va € Aand f € L (1),

Consequently, any a € A (specializing to f = 1) has p$" — p%; and any a € supp(s)—scaling a

given f € L!(j1) —has J f(w) " (dw) = | f(w) p5(dw) for every
f € L'(u0). Because every continuous f :  — R represents some element of L' (), the latter

property tells us p2" — ug in AQ if a € supp(s). Hence, p*" — p® in P, as desired.
Now, we turn to parts (ii) and (iii)] Let » := (1 — 7)s + 7t and p := (1 — 7)p°* + 7p’ Direct
computation shows supp(r) = supp(s) U supp(t) and, for every a € supp(r), we have

_ (A-7)ps T)pa Pk

ph = (1—7)p} +7p, and p, = po + 0 .

Observe now that any convex continuous f : AQ2 — R has

[ 1) i) = [ £ piap = z (1= 7y () + 7oLt () = pLf ()]
= aEsupr Py (Y2 f () + 2 f () = f ()]
> o[ (S ) — £ ()]
= :Xz(j P lf (pe) = £ (pe)] = 0.

The HLPBSSC theorem then implies p >~ p", delivering part (ii).

Toward (iii), suppose some a € supp(s) N supp(t) is such that pf # p. Now, specialize the
above algebra to the case in which f|cogys ey is strictly convex.*® The inequality in the chain is
then strict, witnessing [ f(w) p(dw) — [ f(w) p"(dw) > 0 so that p > p". The result follows. O

37A sequence (s™)°° ; weak* converges to s if E [u,s"] converges to [E [u,s,] for all u € U and a € A. Note the
weak* topology on S C § is determined by its convergent sequences because the predual I/ is separable.

38For instance, f could be given by f(u) = [[g(w } for some continuous ¢ : Q — R with
J9(w) pg(dw) # [ g(w) pe(dw).
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Now, we prove the indirect cost inherits the information cost’s regularity properties.

Proof of Lemma 2. Because C' is proper, any constant SCR has finite cost, and so « is proper. To
prove that « is convex and weak™* lower semicontinuous, recall x(s) = C(p®).

To see lower semicontinuity, consisder any sequence (s")>°, of SCRs converging to s. By
Lemma 5(i), liminf, o x(s") = liminf, .., C(p*") > C(p°) = k(s), where the inequality
follows from lower semicontinuity of C'.

Toward convexity, take any s,¢ € S and 7 € (0, 1). Lemma 5(ii) implies
k(1 =7)s 4+ 7t) = C(pU=7s)

C((1—7)p* +7p") (10)
(1-7)C(P°) +7C(p") = (1 = 7)s(p®) + 7R(p"),

IN

IN

where monotonicity of C' implies the first inequality, and convexity of C' delivers the second. O

A.2. On the Value Function

Extend  to S by setting x(s) = oo for all s € S\ S. The goal of this section is to prove some
results regarding the optimal value function V' : ¢/ — R defined as

V(u) :=max [E[u - s| — k(s)] = max [E[u - s] — k(s)].

seES SES

Our results also pertain to the subdifferential of V" at a utility w,

oAV :U = S,
ur—{seS: V(v)>V(u)+E[(v—u)s] forallv e U}.

For any subset 7" C S, define the upper and lower inverses of OV:

OVU(T) ={uecU: V(v C T},
OVET) :={uecl: oV(u)NT # @}.
We say 9V is norm-to-norm (resp. norm-to-weak*) upper hemicontinuous if V'Y (7') is norm

open whenever 7' is norm (resp. weak™) open.

The next lemma establishes continuity properties of the value function and its subdifferential.

Lemma 6. The value function V' : U — R is convex and norm continuous, and its subdifferential

is norm-to-weak* upper hemicontinuous.
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Proof. The value function is real-valued because (as noted in the main text, by Banach-Alaoglu)
each u € U admits some u-rationalizable SCR. It is convex as a supremum of affine functions.

To show V' is norm-continuous, we need only show (Aliprantis and Border, 2006, Theorem
5.43) it is bounded above on some ball. And indeed, any u € U with ||u||; < 1 has

< Elu-s] < = <1
Viw < _max_ Elu-s] < [lufimax|ls]o = fJull <

Finally, upper hemicontinuity of V" then follows from Proposition 6.1.1 of Borwein and Van-
derwerff (2010). i

Next, we collect some standard facts from convex analysis, applied to our setting. Given s € S*

and s’ € S, let df k(s") denote the directional derivative of « at s in direction s’ — s.

Lemma 7. Viewing U with its norm topology and S with its weak* topology, V is the convex

conjugate of K, and k is the convex conjugate of V. Moreover, the following are equivalent:
(i) s € argmax, g [E[u - t] — k()]

(ii) u € Ok(s).

(iii) Every s’ € S" has dfk(s') > Eu- (s — s)].

(iv) s € OV (u).

Proof. Recall U with its norm topology and & with its weak* topology form a dual pair with
the bilinear map (u,t) — [E[u-t]. With these respective topologies, x is proper, convex, and
lower semicontinuous (by Lemma 2). By definition of V/, it equals the convex conjugate of the
indirect cost function; that is, V' = x*. Hence, by the Fenchel-Moreau theorem (e.g., Borwein and
Vanderwerff, 2010, Proposition 4.4.2), « is the convex conjugate of V'; thatis, K = V'*.

Now, we pursue the four-way equivalence. First, that (i) is equivalent to (ii) is immediate (see
discussion after the statement of Lemma 4). Next, Aliprantis and Border’s (2006) Theorem 7.16
directly implies (ii) is equivalent to (iii). Finally, to show (i) is equivalent to (iv), Borwein and
Vanderwerff’s (2010) Proposition 4.4.1 part (a) delivers that s € 0V (u) holds if and only if

Vi(u) + k(s) = E[u - s],
which is equivalent to

Elu - s] — k(s) = V(u) = max [E[u - t] — k(t)] .

tesS

It follows (iv) is equivalent to (i), as desired. O
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The following lemma provides sufficient conditions for a set of SCRs to have its rationalizing

utilities be an open set.

Lemma 8. Suppose T' C S is weak™ open, and every u € U and u-rationalizable s € T are such

that s is uniquely u-rationalizable. Then, the set of utilities that rationalize SCRs in T’ is open.

Proof. Recall u € U rationalizes s € S if and only if s € 0V (u) (Lemma 7). It follows the set
of utilities that rationalize the SCRs in 7' is given by 9V *(T'). Moreover, because OV is norm-to-
weak* upper hemicontinuous (Lemma 6) and 7" is weak* open, we know VY (T') is norm open.
Hence, the lemma will follow if we can establish that OV *(T) = oVY(T).

Toward showing OV E(T) = VY (T'), we use the fact that u rationalizes s € T if and only if
s is uniquely u-rationalizable. Therefore, OV (u) N {s} # @ if and only if 0V (u) C {s}, meaning
OVE({s}) = 0VY({s}) must hold for all s € T". As such,

OVE(T) = UgerdVE({s}) = UserdVV ({s}) C OVY(T) C OVH(T),

where the last containment follows from OV being nonempty-valued. So OV (T) = oVY(T).
m

A.3. Section 4 Proofs

Proof of Proposition 1. Recall from Lemma 7 that s € S is rationalizable if and only if & is subd-
ifferentiable at s, that is, if and only if Ox(s) # @. Also from that lemma, « is the convex conjugate
of the function V' defined on the Banach space /. Moreover, V' is proper, convex, and continu-
ous (Lemma 6). Thus, the dual Brgndsted-Rockafellar theorem (Brgndsted and Rockafellar, 1965,
second part of Theorem 2) says « is subdifferentiable on a norm-dense subset of its domain S*.
The second point holds because (Theorem 23.4 in Rockafellar, 1970) a proper convex function

on a Euclidean space is subdifferentiable everywhere in the relative interior of its domain. O

The next lemma shows « is “almost” strictly convex if additional information is never free.

Lemma 9. If C is strictly monotone, and s,t € S and a € A are such that s, and t, are not

proportional, then k is strictly convex on co{s,t}.

Proof. Recall Lemma 1 tells us x(r) = C'(p") forevery r € S.
Take any 7 € (0,1), and let 7 := (1 — 7)s + 7t and p := (1 — 7)p® + 7p'. Part (iii) from

Lemma 5 shows p > p". Hence,
k(r) =C(p") < Clp) < (1 =7)C(p°) +7C(p") = (1 = 7)r(s) + T(t),
where the inequalities come from strict monotonicity and convexity of C, respectively. O
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Next, we show & is strictly convex through linearly independent SCRs if C' is strictly monotone.

Proposition 9. Suppose C' is strictly monotone. If s is linearly independent, then k is strictly

convex through s.* Consequently, if s is u-rationalizable, it is uniquely u-rationalizable.

Proposition 9 identifies the set of linearly independent SCRs as ones that cannot be rational-
ized using indifference when C' is strictly monotone. This result generalizes a well-known con-
dition for unique rationalizability under mutual information costs. Specifically, Caplin and Dean
(2013) and Matéjka and McKay (2015) show that, with mutual information costs, s is uniquely
u-rationalizable whenever the set {e““ S A} consists of | A| affinely independent elements. To
see why this result is a specialization of Proposition 9, recall that Matéjka and McKay (2015) show

that,*” with mutual information costs, s is optimal when the utility is v only if

S SUg(w)
€

Sa(w) - ZbeA pieub(‘”)-

One easily verifies any s satisfying this equation is linearly independent whenever {e“a ta € A}
are | A| affinely independent elements. Unique rationalizability then follows from Proposition 9.

We now turn to proving Proposition 9.

Proof of Proposition 9. The second assertion follows immediately from the first, because the ex-
pected benefit from a stochastic choice rule is an affine function of the stochastic choice rule, and
a strictly concave function can have at most one maximizer. We turn now to the first assertion.

Given that  is already known to be weakly convex by Lemma 2, we need only show, given
arbitrary t € S\ {s}, that « is strictly convex on co{s, t}.

So suppose ¢ € S with  not strictly convex on co{s,t}. Lemma 9 then tells us ¢, is a scalar
multiple of s, (which is assumed to be nonzero) for every a € A. Equivalently, i, = p$ for every
a € supp(t). Hence,

D ophis =D phty = po = > Dags-

acA acA acA

Affine independence of the |A| beliefs {4 },c4 then implies p!, = p? for every a € A, so that
t = s, delivering the result. O

Although not relevant to our subsequent results, we briefly note a stronger uniqueness property

(proven in Appendix C) that follows readily for the special case of binary actions.

Corollary 2. Suppose |A| = 2 and C is strictly monotone, and fix u € U. Either a unique SCR is u-
rationalizable, or every u-rationalizable SCR generates state-independent behavior. In particular,

all optimal strategies entail the same information policy.

3That is, & is strictly convex on any line segment in S* that includes s.
40See also Csiszar (1974).

41



The following lemma shows the affine independence case of Proposition 9 is the typical case.

Lemma 10. I || > |A

linearly independent—for a weak*-open and uniformly dense set of s € S.

, then supp(p®) consists of |A| affinely independent beliefs—that is, s is

Proof. Define S to be the set of all s € S such that Y aca Sa = 1.

Let Q = | |,c4 2, be a Borel partition into sets with positive ip-measure; such a partition exists
because () is metrizable with at least |A| distinct points and 1y has full support. Then, define
the set M/ C RA*4 as the set of matrices for which the a row’s entries sum to o(2,) for each
a € A, and the function 7 : S — M given by n(s) := Uﬂa sa(w) MO(dw)L,agA' The map 7 is
affine, weak* continuous, and hence norm continuous, and, since {2, }.c4 are pairwise disjoint
with nonzero measure, surjective. Because both S and M are closed affine subspaces of Banach
spaces, it follows from the open mapping theorem that 7 is a norm-open map: it maps norm-open
sets to open sets. Hence, if G is any open subset of M with closure equal to 7(S), then 7~ (@) is
weak* open in S (because 7 is weak™® continuous) with norm closure containing S (because 7 is
norm open).*! It therefore suffices to find some open G C M with closure equal to 7(S) such that
any given s € S N7 !(G) has supp(p®) consisting of | A| affinely independent beliefs.

To that end, let G be the convex set of invertible matrices in M with strictly positive entries.
The set GG is open in M because the determinant function is continuous. Moreover, it is contained in
7(S), which is the set of matrices in M with nonnegative entries. Next, to see G is nonempty, define
ge = e+ (10(Qa) — |Al€) Lazalyaen € M for e € [O, %“‘O(Q“)} Because g is diagonal with
nonzero diagonal entries, its determinant is nonzero. Thus, since a nonzero univariate polynomial
has only finitely many roots, det(g.) is nonzero for ¢ > 0 sufficiently small. The matrix g :=
g belongs to GG for such an e. Now, we observe G is dense in 7(S). Fixing an arbitrary h €
7(S), we want to show £ is a limit of matrices from G. Define the function R — R via v —
det [yg + (1 — v)h] and note it is a polynomial that is not globally zero (by evaluating at v = 1).
Hence, the polynomial has only finitely many roots. In particular, some 7y € (0, 1) exists such that
vg + (1 —y)h € M is invertible for every v € (0,7)—and so h is in the closure of M.

All that remains is to show, for any given s € S N 7 !(G), that supp(p®) consists of |A]
affinely independent beliefs. Toward showing this property, observe p? > 0 for every a € A
because 7(s) has nonnegative entries and no zero columns. We can now define the matrix m :=
[é Ja. Sadﬂo]a,aeA
its columns are linearly independent, and therefore affinely independent. It follows directly that

= [115(24)],, 2c 4- Because m is a product of 7(s) and another invertible matrix,

the |A| vectors {18}, are affinely independent, as required. o

4170 see the latter implication, let T’ be any norm-open set in S that intersects S. Observe that because T’ intersects
S, the set w(T') intersects 7(,S) too. Note also that 7(7") is open in M, because 7 is norm open. Therefore, 7(.5) is
contained in the norm closure of G, and so G intersects (7). Said differently, T intersects 7~ *(G), as required.
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We next show Assumption A1(ii) is needed for unique rationalizability with locally affine costs.

Claim 1. Suppose s € S* is such that |supp s| > |Q2|. If C is affine in a neighborhood of p°, s is

not uniquely rationalizable.

Claim 1 and Proposition 9 are related to Sharma, Tsakas, and Voorneveld (2020). Their Propo-
sition 1(b) shows that with binary states and strictly monotone posterior separable costs, a ratio-
nalizable information policy is uniquely rationalizable if and only if it has at most binary support.
Our Proposition 9 generalizes their “if” direction, since a set of beliefs is affinely independent if
and only if its cardinality is at most 2. Claim 1 generalizes the “only if” direction, because strict
monotonicity of C' implies every rationalizable p must induce an SCR with a support of weakly

larger size than [supp p|.

Proof of Claim 1. Take u € U and s € S. Suppose s is the unique stochastic choice rule induced
by some optimal strategy given u. We must show [supp(s)| < [€2|. The result is vacuous (given
|A| < 00) when (2 is infinite, so we focus on the case in which €2 is finite.

First, let us establish s, and s; cannot be proportional for any two distinct a,a € supp(s).
For a contradiction, assume they are in fact proportional. For any 7 € [0, 1], then, we can define
sT € Svias] = (1 —7)(sq + Sa), 87 := 7(Sqa + 5a), and 57, := s, forevery o’ € A\ {a,a}. By
construction, p*” is the same for every 7 € [0, 1], so that Lemma 1 implies (s7) is the same for
every 7 € [0, 1]. Therefore, the objective 7 — E[u - s7| — r(s7) is affine because 7 +— s7 is. It
follows this objective cannot be uniquely maximized at 7° = pﬁpg
optimality of s because different values of 7 generate different stochastic choice rules.

€ (0, 1)—contradicting unique

Having shown s, and s; cannot be proportional for any two distinct a, @ € supp(s), we know
{145 }acsupp(s) are [supp(s)| distinct elements of AQ2. The set A2 can have no more than |(2| affinely
independent vectors, so the claim will follow if we show {1 }aesupp(s) are affinely independent.

Assume, for a contradiction, supp(p°®) = {1 }aesupp(s) are affinely dependent. By Winkler’s
(1988) Theorem 2.1(b), we then have p°® ¢ ext(P). So p*® is the midpoint of two distinct information
policies p!, p? € P. Replacing each of p', p? with a weighted average with p® if necessary, we may

assume C is affine on co{p', p?}. Optimality of s implies the agent’s optimal value is

—C(pi)}

Hence, some i € {1,2} has v := {Z () P (115) fuad,uﬂ — C(p") weakly higher than the
agent’s optimal value. Payoff v is clearly attainable via some strategy that induces stochastic choice

E

D, UaSa

a€esupp(s)

-Cp) = 5{{ > pi(ui)/uadﬂi

i=1,2 a€supp(s)

acsupp

rule s' € S given by s = %Sa for a € supp(s) and s’ := 0 for a € A\ supp(s). Hence, s’ is

rationalizable, in contradiction to s being uniquely so. The claim follows. O
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Proof of Theorem 1. Let R C S be the set of all rationalizable SCRs if {2 is infinite, and let it be
the relative interior of S* (which is the interior of S* in S by Assumption A1(iii)) if €2 is finite. By
Proposition 1, R is norm dense (i.e., uniformly dense) in S*, and every SCR in R is rationalizable.
So, R is a norm-dense subset of S* with only rationalizable SCRs, and R is open in S if €2 is finite.

Now, Lemma 10 delivers a weak*-open (and hence norm-open) and norm-dense subset GG of
S such that every s € G has supp(p®) consisting of |A| affinely independent beliefs. By Proposi-
tion 9, every u € U and u-rationalizable s € R N G are such that s is uniquely u-rationalizable.
Moreover, RN G is a norm-dense subset (being the intersection of two norm-dense subsets, one of
which is open) of S* that is also open in S* whenever R is (which is true whenever (? is finite).

It remains to show the set of utilities that rationalize the SCRs in R N G is open. But these
utilities are the ones that rationalize SCRs in GG (resp. R N G) if () is infinite (resp. finite)—a

weak*-open set in either case—and so Lemma 8 applies directly. O
Proof of Proposition 2. Here, we prove the following three claims:
(i) Every rationalizable SCR is continuous if and only if every SCR in S* is continuous.

(ii) If the domain S* has a nonempty (norm) interior in S, then every rationalizable SCR is

continuous if and only if || < oc.
(iii) With Assumption A1, each uniquely rationalizable SCR is continuous if and only if || < oc.

Observe (1) corresponds to the statement of Proposition 2. We now proceed with the proof.

First, observe the set S* _ of stochastic choice rules in S* with a continuous version is || - ||oo-
t

con

closed in S*. To see it is closed, note that because 1o has full support, the natural quotient taking a
continuous function to its jp-a.e. equivalence class is an isometry from the space of of continuous
functions 2 — R (with the supremum norm) into L*°(p,). Because the space of continuous
functions is complete, its image under this isometry is necessarily closed in L>(1).** Hence,

being the intersection of S* with a power of this set, the set S . is closed in S*.

cont
Now, because S%
if S~

cont

. 18 closed, any given dense subset of S* is contained in S

oo 1f and only

= S”. In particular, Proposition 1 (resp. Theorem 1 under Assumption Al) implies
if and only if S , = S™. This

every (uniquely) rationalizable stochastic choice rule lives in S” ot
observation delivers item (i) (hence Proposition 2 as stated). It would also deliver items (i1) and (iii)

cont

if we could show that, assuming S* has a nonempty interior, every element of S* has a continuous

version if and only if €2 is finite.

#2To explain, take any sequence ( f,,), of continuous functions whose equivalence classes converge to some g (and
so form a Cauchy sequence). The sequence ( f,, ), of functions themselves form a Cauchy sequence by isometry. But
then, by completeness, (f,,), converges to some continuous function f. Again by isometry, the equivalence class of
fn converges to that of f as n — oo. Because the metric space L (ug) is Hausdorff, g is in fact f’s equivalence class,
and so lives in the image of this isometry.
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Suppose S”™ has nonempty interior. Our goal is now to show every element of S* has a contin-
uous version if and only if €2 is finite. One direction of this equivalence is trivial, because every
map on a finite metric space is continuous. Toward establishing the converse, suppose €2 is infinite.
Let us now observe some s € S*\ S&  would exist if we had some Borel f : 2 — [0, 1] that is not
p-a.e. equal to a continuous function. Indeed, because S* has a nonempty interior in .S, we know
some s’ € S* and € > 0 exist such that S* D {s € S: |s, — 2| <,pae. € Va € A}. Shifting s
and reducing e if necessary, we may further assume € <, e Sq¢ <jgae 1 — € forevery a € A.
Then, fix two distinct a,,a_ € A, and define s' € Sby letting s, :=s) +¢f, 5, =55 —¢f,
and s} := s¥ for every a € A\ {a,,a_}. By construction, s' € S* too, and s* — s° has no
continuous version. Therefore, at least one of {s°; s'} has no continuous version, as desired.

All that remains now is to construct (for infinite €2) some Borel f : Q — [0, 1] that is not -
a.e. equal to a continuous function. Because €2 is an infinite compact metrizable space, it has some
sequence {w,}>° , without repetition that converges to some w,. In particular, w., is the sole
accumulation point of {wy, }menufso}. Dropping to a subsequence if necessary, we may assume
Wy, # W for every n € N. Now, take some p that metrizes the topology on 2. For each n € N, let
rn > 0 be such that the p(w,,, wy,) > 2r, forevery m € (NU {oo}) \ {n}, and let N,, be the p-ball
of radius 7, centered on w,. By the triangle inequality, the neighborhoods { NV,,}2° , are pairwise
disjoint. Moreover, that w,, — ws implies r, — 0 as n — oo. Define now the bounded Borel
function f := 1 j= y, € — [0, 1], which we show has no continuous version. To do so, take
an arbitrary Borel function f : {2 — R that is pp-a.e. equal to f. To conclude the proof, we show
f cannot be continuous. For any n € N, that y has full support implies y(N,,) > 0, and so some
w, € N, has f(d;n) = f(@n). Then, p(@,,we) < Tp + p(wn, ws) — 0 as n — oco. However,

f(@n) = f(@n) is equal to 0 for odd 7 and 1 for even n, so that f is discontinuous at w...

A.4. On Differentiable Costs

We begin this subsection with some convenient notations. First, given v € U, let
vyt AQ — R
acA

> max/ﬂua(w) p(dw).

Notation 1. Let feas C be the (convex) set of p € P¥ NP such that every q € P¥ admits some
e € (0,1) withp + €(q — p) € P°.
Analogously, for any ¢ € C, let feas c be the (convex) set of simply drawn posteriors . such

that every simply drawn posterior i admits some € € (0,1) with ¢ (u+ e€(ft — p)) < oc.
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Note feas C' = P¥ if C assigns a finite cost to every simple information policy; and feas c is the
set of all simply drawn posteriors whenever ¢ assigns a finite cost to every simply drawn posterior.
The following lemma gives an equivalent optimality condition for an SCR: the agent responds
optimally to any revealed posterior, and, assuming the agent responds optimally to any hypothetical

posterior, the information is optimal.
Lemma 11. Given u € U and s € S, the following are equivalent:

(i) The stochastic choice rule s is optimal; that is, s € argmax,cg« {E [u - t] — k() }.

(ii) Every a € supp(s) has [ uq(w) ps(dw) = v, (1), and

P € argmax,cpe | [ ulu) pldi) = C)|.

Proof. Let a* : AQQ — A be a measurable selection of ;1 — argmax, 4 [ u,(w) p(dw), which
exists by the measurable maximum theorem (Aliprantis and Border, 2006, Theorem 18.19).

To see (i) implies (ii), we suppose (ii) does not hold. Because v, (1) > [ug(w) p(dw) for
alla € Aand p € AQ, if v,(pl) # [ua(w) p(dw) for some a € supp(s), it must be that
v (1) > [uq(w) pi(dw), and so the SCR ¢ induced by (p®, ") is a strict improvement over s.
Similarly, if p* ¢ argmax ,cpc [[ vu () p(dp) — C(p)], one can pick p € P with [ v, (1) p(dp) —
C(p) > [vu(p) p*(dp) — C(p®), in which case the SCR ¢ induced by (p, o) is strictly better than
s. Either way, (i) fails.

To see (i1) implies (1), suppose (i1) holds. Then, any SCR ¢ has

E[u-t]—k(t) = Efu-t]—C(p') (by Lemma 1)

= | Y ) )| - o)
| a€supp(p?)

< > phoa(pl)| — C()
| a€supp(p?)

= [ p'an - ),

where the inequality holds with equality for ¢ = s by hypothesis. Then, s maximizes t — E [u - t]—
r(t) because p® maximizes p — [ v, (p) p(dp) — C(p). o

Our definition of a derivative of (' assumes the derivative is convex, making the posterior-
separable approximation C, a valid cost function. Here, we note that under sufficient regularity,

this convexity property is redundant because C' is monotone. See Appendix C for a proof.

46



Fact 1. Let p € feas C, and let ¢ : AQ — R be a continuous function. If every p' € P has

atCw) = [ eln) o = p)(dn),
then c is convex. In particular, in this case, ¢ € C, so that c is a derivative of C' at p.

The following lemma establishes an equivalence between optimal information choice for the

agent’s cost function and for a posterior-separable approximation of her cost function.

Lemma 12. If c is a derivative of C' at p € feas C, then any u € U has

p e argmax,ep | [ ulp) adp) — Cla)| = p € argmax,ep [ oulrn) = ()] gl

Proof. Suppose first p € argmax,p [ [vu (1) — ¢(11)] q(dp). Then, for every ¢ € P,

J v (a = p)(An) < [ el) (a = p)(dp) < Cla) ~ Clo),

where the last inequality follows from C' (p + ¢(¢ — p)) being convex in € € [0, 1]. Because C'(q) =
oo forallg € P\ P, the left-hand-side condition follows.

Conversely, suppose some p € P has [ [v, () — c(p)] p(du) > [ [ve(p) — c(p)] p(dp). Be-
cause c is convex and lower semicontinuous, and v, is the maximum of finitely many affine func-

tions, we may assume without loss that j € P, Observe every € € (0, 1) satisfies

[ 0alie) = () [p -+ 5= p)) (@A) > [ [ouln) = elw)] p(dp).

Thus, because p € feas C, we may assume without loss some convex combination p’ of p and p
has p' € PC. But then

0< [val) 0 = p)di) — [ elw) 0 = p)(an)
= tim = { [ vl lp-+ ! =)} () = C -+ e/ =) = [ 00) ) + o)}

e\O0 €

so that small enough € € (0, 1) will satisfy

[ ) lp+ e’ =) (d) = C 0+ e = 1)) > [ 0a(p0) pldi) = C(p).

The lemma follows. O

The next lemma establishes an equivalence between optimality of an SCR for our agent’s cost

function and its optimality for a posterior-separable approximation of the same.
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Lemma 13. Suppose s € S has p°® € feas C and c is a derivative of C at p°. Given u € U,
s € argmaxy g [E[u- s —k(s)] < s€argmaxycg[E[u-s]— ke(s)].

Proof. Lemma 11 says s is optimal with cost  if and only if [ u,(w) pi(dw) = v, (1) forall a €
supp(s) and p® € argmax,cpc [/ vy (w) p(dw) — C(p)] . Further, the information cost C.. satisfies
our standing hypotheses on C'. Lemma 11 therefore tells us s is optimal with cost «. if and only
if [ug(w) p;(dw) = vy (p;) for all a € supp(s) and p* € argmax cpc [/ vu(1) ¢(du) — Ce(q)] -
The equivalence would therefore follow if we knew p* € argmax,cpc [[ vu(p) p(dp) — C(p)] if
and only if

p® € argmax,cpc [ / vu(p) p(dp) — Ce(p) |

which Lemma 12 guarantees. d

The next lemma gives an explicit formula for the directional derivatives of the indirect cost

function when information costs are posterior separable.

Lemma 14. Ifc € C and s,s' € S are such that every supp(p®) C feas c, then®

dire(s) = 3 [0 —pi) eud) +p} die(p)]
a€supp(s)
+ > Pa ity )

a€esupp(s’)\supp(s)

Proof. Let A := supp(s) U supp(s’), and define s := s + (s’ — s) for each ¢ € (0,1). Any
e € (0,1) has supp(s®) = A and, for each a € A,

Py = pi+el —p)

’
S
Pq

o= el (i — ).
Therefore, every € € (0,1) and a € A have
mal€) = ¢ o ) = vl (i) = 03 = pi) (i) + i ¢ [ell) — e(u)]

Hence, 1, (¢) is equal to p c(u) if p2 = 0, equal to —pSe(yg) if pg = 0, and otherwise equal to

s’ s s€ s’ pcst 1 s€ s
(pa - pa) C(Na ) + Dq o€ S [C(:ua ) - C(:ua)} )
A
Pa

“3When p; = 0, we adopt the convention that p3 d;f. c(y5 ) is zero too.
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which converges as € — 0 (because c is convex, and hence continuous on any open line segment

on its domain, and supp(p®) C feas ¢) to

’ . € p . 1 P
s’ s 1 s ) a 1 - s+é(s’'—s)\ __ s
(= wi e (him ) 0 Pt = [l ) )

= (05 — 1) c(py) + v 1die(u).

Hence,
T r_ _ — Timl s° =
gy & el + (s =) = lo)] = M7 [ edp” =) =gy 3 a9
= > [0F = pd) ) + 0l de(uy)]
a€supp(s)
+ > pa iz ),
a€supp(s’)\supp(s)
as desired. m|

The following lemma shows derivatives preserve finite cost for an information policy.
Lemma 15. If c is a derivative of C at p € PC, then [ c(p) p'(du) < oo for every p' € PC.

Proof. Consider any p/ € P¢. Convexity of C' implies d;f C(p) € R U {—oc}. Hence, applying
the definition of a derivative (including that [ c(u) p(du) < oo),

[ et ) = [ el) plam) + di ') < o,

as required. O

A.5. On Iteratively Differentiable Costs

Although not relevant to our subsequent results, let us briefly note a uniqueness property (proven

in Appendix C) for iterated differentiability that justifies the notation Vc,.
Fact 2. Any function in C admits at most one derivative at a simply drawn posterior.

The following lemma yields a more explicit form (relative to Lemma 14) for directional deriva-
tives of a posterior-separable approximations, given iterative differentiability.

To state a slightly more general version of the result (which will be helpful for one result
described in section 7), we invest in another definition. For any ¢ € C and any simply drawn

posterior u, define the subdifferential

Oc() = {1 € L) clp') = () + [ F) (1 = p)() ¥ simply drawn ' € AQ}
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of c at p. Clearly, if ¢ is differentiable at y, then V¢, € Jc(u) because c is convex.

Remark 1. Although we adopt the notation Oc for parsimony, the above definition is best under-
stood as the subdifferential of a function ¢ : L>=(uy) — R, where each element of L>(uy) is

interpreted as a Radon-Nikodym derivative with respect to .

Lemma 16. Let ¢ € C and s,s' € S have supp(p®) C feas ¢, and let f, € Oc(us) have
[ falw) p2(dw) for each a € supp(s). Let u>* € U have u®* = f, for a € supp(s) and

s,s’

ud® = c(us )1 for a € supp(s’) \ supp(s). Then,
at(s) 2 (s — 5) -u],
with equality holding if f, = Vc,s for every a € supp(s).
Proof. Letu := u*. Then, every a € supp(s) has
b dte(e) 2 v [ falw) () = i) ()

=0 [ | 2 ) )

Da Da,

Sq(w)

= [ls0e) = sale)) folw) molde) + [ (91 =) > 22 ) ()
= [ [s(w) = sa(@)]ulw) pro(dw) = (5 = p3) [ falw) ps(dw)

=E [(8:1 - Sa>ua] - (PZ/ - pZ) C(ILLZ)

Moreover, the above inequality holds with equality if f, = V¢, for every a € supp(s). Therefore,

Lemma 14 implies

dike(s) = 3, E[(s, = sa)ua] + > vy elmy)

a€supp(s) a€supp(s’)\supp(s)
- Z E [(S; - Sa)ua] + Z K [(S; - Sa) C(:U’Z/ﬂ
aesupp(s) a€supp(s’)\supp(s)
= E[(s'—s)-ul,
again with equality if f, = V¢, for every a € supp(s). The result follows. O

The next lemma relates the set feas C' to the corresponding set of beliefs for its derivatives.
Lemma 17. If ¢ is a derivative of C at p € feas C, then supp(p) C feas c.

Proof. Consider 1 € supp(p), and any simply drawn posterior y’; we must show some proper

convex combination of x and y’ belongs to ¢ }(R).
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By hypothesis, p is simple, ;1 € supp(p), and 4 is simply drawn. Hence, some finite-support
¢,q € AAQ and 7,7’ € (0,1] exist withp = (1 — 7)g + 76, and p' := (1 — 7')¢ + 7/6,, € PC.
Now, that p € feas C implies some € € (0,1) has (1 — €)p + e¢p’ € PC. Define

€. (I-or e’ /
Ho= (176)T+6T”LL + (17€)T+67/’LL7

and
pri=01-e1-7)g+e(1=7)+[(1—€e)T+ €] .

Because C' is monotone and p¢ =< (1 — €)p + ep’ by construction, p¢ € P¢. Hence, Lemma 15

tells us [ ¢(p) p(dp) < oo, and so too ¢(u€) < oco. The lemma follows. o

The following lemma gives an exact optimality condition for a given SCR when information

costs are iteratively differentiable.

Lemma 18. Let s € S have p° € feas C, suppose C' is iteratively differentiable at p® with deriva-

tive c. For u € U, the following are equivalent:
(i) SCR s is u-rationalizable.
(ii)) Every ' € S has E [(us’s/ —u)- (s — 5)} > 0, where u** € U has u>® = Vc,s for
a € supp(s) and u>* = c(u )1 for a € supp(s') \ supp(s)

Proof. By Lemma 13, u rationalizes s if and only if « would rationalize s given alternative infor-
mation cost C'.. Hence, Lemma 7 (applied to the model with cost C..) tells us u rationalizes s if and
only if every s’ € S* has dfk.(s') > E[u- (' — s)]. Because Lemma 17 says supp(p®) C feas c,

Lemma 16 shows dfk.(s') = E {us’sl (s — s)] for every s’ € S. The equivalence follows. o

The following lemma characterizes the utilities that can rationalize a given full-support SCR
when information costs are iteratively differentiable. Letting ¢ denote a derivative of C' at the SCR,
all such utilities are given by the derivative of c at the corresponding revealed posterior, augmented
by a nuisance term, maybe with an additional payoff penalty for actions not chosen in a given state.

Lemma 19. Let s € S have p® € feas C and supp(s) = A. Suppose C' is iteratively differentiable

at p* with derivative c. The following are equivalent for u € U:
(i) SCR s is u-rationalizable.
(ii) Some A € L' (o) and v € Ll(uo)ﬁ exist such that every a € A has
Uy = A — Ya +vcuga
SaY¥a = 0.
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Proof. Letu® := u—(Vcys )aca € U. By Lemma 18, u rationalizes s if and only if every s’ € .S has
E[—u®- (s' —s)] > 0, or equivalently, s € argmax¢E [u® - s'|. Hence, u rationalizes s if and
only if zip-almost every w has {a € A : s,(w) > 0} C argmax, 4u’(w). But the latter condition
holds if and only if some A € L'(pp) and v € Ll(,uo)f have u® = (A — Y4)aca and (V454 )aca = 0:

The “if” direction is immediate, and the “only if” is witnessed by A := max,c4 u]. m|

A.6. Section 5 Proofs

Proof of Lemma 3. Because C is finite on P¥, every SCR s has p® € feas C. The theorem there-

fore follows directly from Lemma 13. m|

Proof of Proposition 3. Because C is finite on P, every SCR s has p* € feas C. The proposition
therefore follows directly from Lemma 19. O

Let us briefly note the infinite-slope condition, Assumption A2(iii)—which says costs decrease
infinitely steeply as one moves from a not-fully-mixed information policy toward providing no
information—could be equivalently replaced with a more permissive unbounded steepness condi-

tion. See Appendix C for the proof.

Fact 3. For any p € P, the following are equivalent:
(i) dfC(6,,) = —oc.
(ii) infyepe ceqor) 2 [C(p + €elqg — p)) — C(p)] = —o0.

The following corollary follows immediately from Lemma 19 (and the weaker version requir-

ing C' to be finite on P¥ follows immediately from Proposition 3).

Corollary 3. Let s € S have p° € feas C' and s have conditionally full support. If C' is iteratively

differentiable at p*, and u and u' both rationalize s, some \ € L' (jug) exists such that
u, = u, + AVa € A.

Next, we show Assumption A2(iii) means an optimal action recommendation from s never

rules out any state.

Lemma 20. Suppose C satisfies Assumption A2(iii). If s is rationalizable, then any a € supp s

has s, strictly positive p-almost surely.

Proof. Take u € U, and suppose s € S admits some a € supp s such that s, is not py-almost

surely strictly positive. We wish to show s is not u-rationalizable.

52



We have nothing to show if s ¢ 5", so we focus on the case in which s € S*. Pick some
ap € A and let ¢ be the unique SCR with ¢,, = 1. Clearly, p' = J,,, and sot € S” and p’ € PC.
Forevery € € (0, 1), let t© = s + €(t — s). Then, because p® is not fully mixed,

5() — ()] = L CG") ~ )
< 1[0((1 —e)p® +ep') — C(p°)]
= O ' + byy) — O] % oo,

where the inequality comes from monotonicity of C' and Lemma 5(ii), and the limit calculation

comes from Assumption A2(iii). Hence, every u € U has

SB[ ] — () — [Eluss] = w(s)]} = Blu- (£ =) = 1 [slt) = n(s)] = —ox.

Thus, for all sufficiently small e € (0, 1), the agent’s objective must be strictly higher under ¢¢ than
under s. That is, s is not rationalizable. m]

Now, we prove most utilities give rise a unique SCR.

Proof of Lemma 4. Let ) denote the set of u € U/ at which V' is Gateaux differentiable, and recall
V' is continuous by Lemma 6. For any v € V, the function V' has a unique subgradient at «
(Borwein and Vanderwerff, 2010, Corollary 4.2.5), and so a unique SCR is u-rationalizable.

It therefore remains to show U/ \ V is meager and shy. That this set is meager follows from
Mazur’s theorem (see Borwein and Vanderwerff, 2010, Theorem 4.6.3), which tells us V is dense
and G5, and hence co-meager. To see U \ V is shy, it suffices to show it is Haar null.**

To show U \ V is Haar null, note Theorem 5.44 from Aliprantis and Border (2006) tells us V' is
locally Lipschitz. Hence, being second countable, ¢/ can be covered by countably many open balls
{U, }52, with V|, Lipschitz for each n € N. Moreover, for each n € N, Theorem 4.6.5 from
Borwein and Vanderwerff (2010) tells us U, \ V is Aronszajn null, and hence (by Benyamini and
Lindenstrauss, 1998, Proposition 6.25) Haar null. Therefore, U/ \ V = ;2 (U, \ V) is Haar null
(by Borwein and Vanderwerft, 2010, Proposition 4.6.1(e)). O

The following lemma shows a norm-dense set of uniquely rationalizable SCRs can be leveraged

to find a weak*-dense set of SCRs generating unique subset predictions.

4Given Fact 2 from Hunt, Sauer, and Yorke (1992) (resp. Proposition 4.6.1(c) from Borwein and Vanderwerff,
2010), U \ V is shy (resp. Haar null) if and only if some compactly supported finite Borel (resp. Radon) measure
assigns zero measure to every translation of it. Because every finite Borel measure on the Polish space ¢/ is a Radon
measure, U \ V is shy if and only if it is Haar null.
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Lemma 21. Suppose Assumption A2 holds and some norm-dense S1 C S" comprises only uniquely

rationalizable SCRs. Then, the set of SCRs yielding unique subset predictions is weak* dense in S.

Proof. By Lemma 4, every B € A admits a co-meager set of utilities /g C U that generate a
unique prediction over B; that is, each u € Up admits a unique s that is u-rationalizable over B.
It follows the set {4 = Npealdp is a co-meager (and therefore dense) subset of U/ such that, for
every B, every u € U4 uniquely rationalizes some s € SZ over B.

Observe now, the set S} is norm-dense in S because Assumption A2(i) implies S® = S. Let
Sp denote the set of full-support SCRs, which is weak* open (hence norm open) and norm dense
in S. Therefore, S := Sp N 57 is norm dense in S too. Because every norm-dense set is weak*
dense, it suffices to show S is contained in the weak* closure of the SCRs generating unique subset
predictions. To that end, take any s € g, and let NV C S be a weak* neighborhood of s; we want
to show some SCR in ' generates unique subset predictions.

Let u be a utility that uniquely rationalizes s (over A). Some sequence (u"),ecn from Uy
converges to u because U/, is dense in 4. Let s denote the SCR rationalized by u" for each
n € N. Because s" € 0V (u") by Lemma 7, and 0V norm-to-weak* upper hemicontinuous
(Lemma 6) and single valued at u, it follows that s" Y sasn — oo, In particular, s" € N for all
n sufficiently large.

Next, observe s™ has full support (i.e., belongs to Sy) for large enough n, because S, is weak*
open in S, and the weak*-limit s has full support. But Lemma 20 tells us any rationalizable
full-support SCR has conditionally full support in light of Assumption A2(iii). Therefore, s has
conditionally full support for sufficiently large n.

Now, fix n € N large enough that s” € N and s™ has conditionally full support; the theorem
will follow if we can show s™ generates unique subset predictions. To that end, consider any
@ that rationalizes s”. Because s" has conditionally full support, p*" is fully mixed, and so C
is iteratively differentiable at p*" by Assumption A2(ii). Moreover, Assumption A2(i) implies
feas C D P¥ > p*", and so Corollary 3 delivers some A\ € L'(p) for which every a € A has
U, = uj + A. It follows that every ¢ € S* has

Eld-t] — k() =E[u"-t] — k() + E[N,
and so every B € A has
argmax, g, [E [0 -t] — k(t)] = argmax,c g [E[u" -t] — K(t)].

Hence, over any B, the utility @ rationalizes the same set of SCRs as u" does. But u™ € Uy,

meaning it rationalizes a unique SCR over B. It follows s" yields unique subset predictions, as
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required. O

Proof of Theorem 2. Theorem 1 delivers a norm-dense subset of S comprising only uniquely ra-

tionalizable SCRs. The result then follows directly from Lemma 21. m|

A.7. Section 6 Proofs

Proof of Corollary 1. Let E := Ep, and let f, 5 := f2} for every {a, B} € E. Forany { € R”,
let £ f:= >0 Brer la,B) ff - Observe now that condition (ii) says ¢X - f = 0 for every testable
cycle x, whereas condition (iii) says ¢X- f = 0 for every testable cycle y in the cycle basis. Because
¢+ (- f is linear, the equivalence of (ii) and (iii) follows directly.

Now, consider any B € B and any u € U. Because  has conditionally full support, Proposi-
tion 3 (applied to the model with action set B) tells us 5% is u-rationalizable over B if and only if
some A\p € L'(p) exists such that every a € B has u, = Ag + f, p. Condition (i) is therefore
equivalent to the existence of (u, \) € L (1) such that

fap = uq — \p forevery {a, B} € E. (11)

It remains to see (ii) is equivalent to the existence of (u, \) € L( ,uO)AUB satisfying (11).

First, if (u, \) € L*(110)""" satisfies (11) and x = agBiay ... Byay is a testable cycle, then

N N
S (fanB = fans8e) = O [(Wa, = A5,) = (tta,_, = Ap,)| = ttay =10 =0,
n=1 n=1

verifying condition (ii). Conversely, suppose (i1) holds.

Toward constructing v € L (1) and A € L'(j0)°, first note that every menu B € B has
some action a® such that {a, B} € E, and therefore every connected component G of the graph
has some action Q(G) in it. Now, for any action a € A, let G denote its connected component,
and fix some walk

agBial ... Byeaya
from a(G*) to a—so in particular, ¢ = a(G*) and a%. = a. Then, let
Na

Uq = Z (fa%,B% - fa;ll,prJ .

n=1

Next, for any menu B € B, let Az := u,s — f,5 p. Having constructed (u, \) € Ll(uo)AUB,

#The equivalence follows the same reasoning as the characterization of which current functions arise from some
voltage function (e.g., see p. 27 of Bollobas, 2012). For ease of exposition, and because that result is not stated for
vector-valued currents, we provide here a self-contained proof in present notation.
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we need only show it satisfies (11). To that end, consider any edge {a, B} € E, and let @ := a®.

Because they share a neighbor by construction, a and a belong to the same connected component,
and so

. ampa.a a a a a a na . a
X — CLOBICLI “ e BNa,a/Na B aN&BN& P CLlBlao

is a testable cycle. We can therefore apply equation (4) to y to learn

Ng Na
0 = > (fa%,B% - faz_l,B%) + (fap — faB) + (fag_l,Bg - fag,Bg)
n=1 n=1

= o+ (fa = fap) + (—ta)(ta — fa8) — s,

confirming (11). O

We briefly note that some of the content of Corollary 1 is readily recovered beyond the case of

conditionally full-support data sets, but not all of it.

Fact 4. Suppose C satisfies Assumptions A2(i) and A2(ii), and let D = (B, ) be a data set such
that C is iteratively differentiable at pﬂB for each B € B.

1. Given any cycle basis, conditions (i1) and (iii) of Corollary 1 are equivalent.

2. Suppose D is fully mixed. If D is consistent, it satisfies condition (ii) of Corollary 1.

3. Suppose D has full support. If D satisfies condition (1) of Corollary 1, it is consistent.
Moreover, neither of the latter two implications has a converse in general.

See Appendix C for a proof—and for an example of a fully-mixed, inconsistent data set satisfy-
ing the cycle equation; and an example of a full-support, consistent one not satisfying the equation.
Our next goal is proving Proposition 4. To this end, we first prove that under Assumptions Al

and A2, some consistent data set always exists which is linearly independent for every menu.

Lemma 22. Suppose Al(ii) and A2(i) hold. Then for any B C A, some consistent data set D =
(B, 3) is such that 3% is linearly independent (over B) for all B € B.

Proof. Because 1 has full support and €2 is metrizable, Assumption A1(ii) (i.e., | A| > |€2|) implies
existence of a partition {{2, },c4 of  into |A| measurable non-null sets. For n € R, ,, define the
utility u via u = nlq, . Define the set Qp = U, pS, forany B C A. Forany B € B, take t& € S

to be taB =1q, + ﬁlQA\B.%

46If we weakened Assumption A2(i) to assume only that every simple and fully mixed information policy has a
finite cost, then the same result would hold with a slightly modified construction.
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Fix any menu B € B, and for any u € U let

Ve (u) = max [E[u - s| — k(s)].

seSp

Note,
Vp(u") > Elu” - t7] — k(t7) = npo(Qp) — £(17).

Because x(t?) < oo by Assumption A2(i), we obtain that

lim inf 1VB(u”) > 1o(2p).

n—0o0 7}

Hence, for sufficiently large 7, any SCR s? that is u"”-rationalizable over B has
1
E[1lq, - s4) > iuo(Qa) forall a € B.

So fix 1 large enough that the above inequality holds for all B € B; and for any B € B, set 5%
to be some SCR that is u"-rationalizable over B.
To complete the proof, we argue 37 is linearly independent for all B—that is, that {32} ,c5

consists of | B| linearly-independent vectors. For this purpose, define the | B| x | B| matrix,

M = (E[1g, - B ])@penxn € RY*P.

Notice M is strictly diagonally dominant, and so has full rank. To complete the lemma, observe
that if ¢ := ((,)aes € RP is such that 3, (,37 = 0, then M( = 0, meaning ( = 0. We conclude
3B is linearly independent for all B € B. O

We now proceed to prove Proposition 4. For a proof sketch, consider the graph generated
by some full-support data set with menu set B, and let X be a set of testable cycles that does
not contain a cycle basis of that graph. The key to the proof is to use the data set generated by
Lemma 22 and the utility function « that rationalizes it for the construction of a new data set
that is inconsistent, but satisfies the cycle equation for all cycles in X'. The construction is based
on pairing every menu 5 with an SCR that is rationalized over B by a slight perturbation of w,
where we choose this perturbation so that it satisfies two properties. First, the perturbation is small
enough so that the rationalized SCR is conditionally full support. Second, the perturbation results
in a collection of utility functions whose differences across menus satisfy the cycle equation for
all cycles in X, but fails that equation for some test cycle outside said set. Using Proposition 3 to

connect these utility differences to the cost function’s derivative concludes the proof.

Proof of Proposition 4. Fix some nonempty B C A, and let G = (V, E) be the graph induced by
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any full-support data set with menu set B. Take X to be a set of testable cycles in GG that does not
contain a cycle basis. Our goal is to find a conditionally full-support data set that is inconsistent,
but satisfies (4) for all cycles in X'. In what follows, we will invoke various supporting results from
our paper, applying them to versions of our model with action set B € B.

We first argue that some z € R exists such that £X - z = 0 for all testable cycles Y € X,
but /X - z # 0 for some testable cycle ¥ ¢ X. To find such a z, let £ be the vector subspace of
RE spanned by the set of all cycle vectors, and let £ be the span of {¢x : x € X}. Obviously,
L C £ C RE. Moreover, X not containing a cycle basis implies £ # £. Therefore, because a
basis for £ can be completed to one for £, a nonzero linear map from £ to R exists that is zero on
L. Then, because a basis for £ can be completed to a basis for RZ this linear map can be extended
to a linear map from R” to R. Representing this linear map via £ + z - £ (because F is finite) gives
a z as desired.

By Lemma 22, a consistent data set D = (B, 3) such that 37 is linearly independent (hence
full support) for every B € B. Let u° be some utility that simultaneously rationalizes 32 over B
forall B € B.

For every B € B and every ¢ > 0, define u”* € I/ via

ud+ ez, 5 ifa € B,

0

u, otherwise,

and take s to be some SCR that is u®<-rationalizable over B. We argue that s has condi-
tionally full support (over B) for sufficiently small e. To that end, define the proper, weak*-lower

semicontinuous, and convex (by Lemma 2) cost function,

k(s) ifs e Sp,
kp(s) =
00 otherwise,

and take

VBIU%R,

u rgleeg(E[u - s| — kp(s)

to be the value function with cost function k. Letting V3 be the subdifferential of V3, Lemma 7

and the definition of xp imply

OVp(u) = argmax,g [E[u - s] — kp(s)] = argmax g, [E[u - s] — s(s)].
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Thus, s? € OVp(u?<). Applying Proposition 9, we therefore obtain that OVz(u’) = {37 }—in
particular, 9V is singleton valued at u°. Since OV} is also norm-to-weak* upper hemicontinuous
(Lemma 6), that B¢ — u° implies s5< > B5. In particular, s5< has full support over B for
sufficiently small € > 0. Applying Lemma 20, it follows that s is conditionally full support (on
B) for all € > 0 small enough.

Pick ¢ > 0 so that s%< is conditionally full support on B for all B € B. Define the data set
D = (B, 5) by setting 37 = sP¢. We now conclude the proof by showing D satisfies (4) for all
cycles in X, but violates said equation for the testable cycle y identified at the beginning of this

proof. For any B € A, Proposition 3 delivers a Az € L'(j10) such that for all a € B,
uaB7€ - )\B + fEBa

and so
D 0
wB = Uy — Ap + €241

Thus, given a testable cycle y = agBia; ... Byay,

N N N
Z(fanan_fanthn) = Z(ugn - u2n71 + ABn - )\Bn)‘| +€ lZ(zanaB7l - Zanflan) = E(KX.Z)]“
n=1 n=1 n=1

By choice of z, it follows that (4) holds for all cycles x € X but fails for y = x, asrequired. O

B. Supplement to Section 7

This appendix provides formal support for any nontrivial claims made in section 7.

B.1. Partial Knowledge of Benefits

In this section, we give a characterization of which SCRs are V-rationalizable for certain well-
behaved instances of V C U.

Begin with the case in which the relevant set is a singleton, V = {u}. Recall, as explained in
the main text, and shown in Lemma 7, to answer the question of whether or not « rationalizes s is
the same as checking whether or not w is a subgradient of « at s. The latter condition admits a test

in terms of x’s directional derivative. Specifically, the SCR s is u-rationalizable if and only if
dfk(s) > Efu- (s — s)]

for all s’ € S. One can interpret the above condition as saying the agent does not benefit at the
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margin from shifting her behavior from s in any direction.
Our next result generalizes the above test for the case in which V is convex and weakly com-

tﬂ7

pact.”” Our generalization replaces the change in the agent’s expected benefits E [u - (s" — s)] with

the support function of V,

oy : S — RU{toc},
t— supE[u-t].
uey
Given a pair s, s’ of SCRs, the quantity —oy(s — ') = inf,ep E[u- (s’ — s)] gives the lowest
possible marginal increase in the agent’s objective from shifting her behavior from s towards s'.
Geometrically, the support function describes a closed convex set via its supporting hyperplanes.
The next proposition shows one can test whether s is )-rationalizable by comparing the support

function of V to the cost’s directional derivative at s.

Proposition 10. IfV C U is nonempty, weakly compact, and convex, then s € S" is V-rationalizable
if and only if every s' € S* has
dfk(s') > —op(s —§).

S

Proof. First, suppose s is V-rationalizable, that is, rationalized by some u € V. Taking any s’ €
S*, Lemma 7 then implies df k(s") +E [u - (s — s')] > 0. But observe oy (s —s') > Efu- (s — §')]
by definition of oy,. Hence, df k(s") + oy(s — §') > dfr(s') + E[u- (s — s')] > 0.8

Conversely, suppose every s’ € S” has df k(s') + oy (s — ¢') > 0. Toward showing s is V-
rationalizable, observe convexity of x implies every € € [0, 1] and s’ € Shave X [k(s + €(s' — s)) — K(s)] <

k(s") — k(s); and so taking limits yields d k(s") < k(s") — k(s). Using this inequality gives

0 < inf {dj/i(sl) +oy(s — 5/)}

s'eSr

< inf_{n(s") = K(5) + ou(s - )

s'esr

= inf {H(Sl) —K(s) + IB?BCE (- (s — s’)]}
= jnf, max {n(s') = r(s) +E[u- (s — &)}

= max inf {n(s') = x(s) +Efu- (s = 5]},

4TA sequence of utilities (u™)2°; converges weakly to u if E[u" -] — E[u-t] forall t € S. The set of utili-
ties V' is weakly compact if it is weakly closed and uniformly integrable; see Bogachev (2007) Definition 4.5.1 and
Theorem 4.7.18.

48 As the proof makes clear, convexity and compactness of V' play no role in this direction of the equivalence.
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where the first equality follows from weak compactness of V), and the last equality then follows
from Sion’s minmax theorem (Sion, 1958). Therefore, some u € V exists such that x(s') — k(s) +

Efu-(s—s")] > 0forall s € S"—that is, s is u-rationalizable. o

Proposition 10 is most useful if one can compute directional derivatives of x and the support
function of the utility set ). Naturally, the tractability of these computations will depend on the
form of x (hence, C') and of V.

When C' is differentiable at the information policy revealed by a given SCR, Lemma 13 tells
us we can replace x with its posterior-separable approximation, and so one need only compute

directional derivatives of the latter.

Corollary 4. IfV C U is nonempty, weakly compact, and convex, and c is a derivative of C' at
s € S*, then s is V-rationalizable if and only if every s’ € S* has

dike(s) > —op(s —§).

In this case, Lemma 14 provides an explicit formula for the relevant directional derivatives, and

Lemma 16 provides an even more explicit formula for the same given iterative differentiability.
Below, we provide several examples of sets of utilities to which Proposition 10 can be applied,

and explicitly compute the relevant support functions.

Example 7 (Utility bounds). Given constant payoff bound u € R ., consider the set"

={uel: |u] <ulVae A}.

Let us demonstrate that V satisfies the hypotheses of Proposition 10 and has oy(t) = ul|t||; for
everyt € S. As our analysis shows, computing support functions can in fact be a useful step in
verifying the compactness condition on V required by the theorem. With this work in hand, we can
apply Proposition 10: A given SCR s € S* is rationalized by some objective with payoffs bounded
by u if and only if every s € S* has dfk(s') > —u|ls — §'||1.

To see V satisfies the proposition’s hypotheses, let L, C L'(19) denote the set of nonnegative
functions. Because V = [(L, —ul) N (al — L)%, it follows V is convex and weakly closed. It
remains to compute the support function of ¥V and verify V is weakly compact. To that end, observe

the support function of V evaluated at any t € S takes the form

UV(t) = sup Z E [uata} = Z E [fL Sign(ta>ta] =u Z E’ta’ = aHtHh

ueV geA ac€A acA

“1n a standard abuse, we say an element of L' (1) is nonnegative if some version of it is nonnegative. We adopt an
analogous abuse for pointwise function inequalities, or (when 2 is ordered) in calling a member of L* (1) increasing.
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and (as noted in the second equality above) the program defining this support function attains a
maximum at (u sign(t,)).ca. Hence, James’ theorem (Theorem 6.36 in Aliprantis and Border,

2006) implies that V is weakly compact.

Example 8 (Restricted incremental utility). Suppose A = {ay, . .., a,} for distinct aq, . . . , a,, and

let F; C L' (o) be nonempty, convex, and weakly compact for eachi € {1,...,n}. Let
V= {uEU: Ug; — Uq, , € F; Vi € {1,...,n}}.

Although the unbounded set V is not weakly compact, we can still use Proposition 10. To see we
can, let Vy := {u € V : wu,, = 0}. Because every u € V rationalizes the same set of SCRs as
utility u® := (Uq — Uqy)aca € Vo, it follows that a given SCR is V-rationalizable if and only if it
is Vy-rationalizable. Moreover, we show below that V, satisfies Proposition 10’s hypotheses and
compute the support function of Vy in terms of the support functions of {F;}I,—demonstrating
useful algebraic properties of support functions that make them easier to compute. The upshot is

that some u € V rationalizes a given SCR s € S" if and only if

) > — ZO‘]: (Z Sa; — s&j)) , Vs e S”. (12)
j=i

Let us now verify V, satisfies Proposition 10’s hypotheses. First, observe V, is nonempty

(containing the zero utility) and obviously convex. To see it is compact, define

O L) — L'(uo)' =U

f (fl =1 (Z fl> .
a=a; €A

The linear map ® is clearly norm-to-norm continuous, hence weak-to-weak continuous. It follows
that the image Vo = ®(I1\_, F:) is weakly compact, and Proposition 10 applies.

Finally, let us see how basic algebraic properties of support functions can be used to make
the computation of oy, more explicit. Recall the adjoint (also known as the transpose) ®* : S =

Loo(uo)A — L*>(uo)" is the unique linear norm-continuous map such that every t € S and
f eIl Fisatisfy 0 E[(P*t);fi] = E[t- ®f]. Then, eacht € S has

oy, (t) = U@(szl}y-)( ) = o1 1]—‘ (®7¢) Za;

where the second equality follows directly from the definition of the support function and the ad-

Jjoint, and the third equality follows from additive separability of linear functions on product spaces.

62



n
Meanwhile, by direct computation, the functional form ®*t = ( i taﬂ')1=1 satisfies the equation

defining the adjoint, and so
Oy, (t) = Z OF, (Z taj) .
i=1 j=i
Therefore, s is V-rationalizable if and only if (12) holds.

Example 9 (Bounded increasing differences). Suppose A = {ag,...,a,} CR forag < --- < a,
and ) C R. Let V denote the set of utilities with (i) weakly increasing differences, and (ii) payoffs
Lipschitz of constant £ with respect to the chosen action. That is, V is the set of all utilities v € U
such that every i € {1,...,n} has u,, — ug,

., weakly increasing with magnitude bounded by

u; := &(a; — a;_1). Below, we verify that this example is an instance of Example 8 with some

appropriate specification of the { F;}_,, and the support function o r, takes the form

w*eN

onth =mm{= [ 7)) + ) + [ @) (@} a3

A key component of the argument, which is useful for applying Proposition 10 more generally,
is that one can compute a support function of a compact convex set by optimizing only over its
extreme points. Substituting (13) into equation (12) yields an explicit characterization of whether
a given SCR is V-rationalizable.

For example, consider the further specialization to the case in which A = Q = {0,1} and

& = 1. In this case, the expression that needs to be nonnegative according to equation (12) is

Els; — )| : s1(0) > 51(0) and s} (1) < s1(1),

s s’

p1— D1

g k(s') +
. otherwise.

In particular, in this case, the magnitude of the “marginal benefit” component is a distance be-
tween s and s'. If s' matches the state less than s does in both states, then it is the probability that
s and s' choose different actions; and otherwise it is the difference in wholesale action frequencies
between s and s'.

Let us now formally verify the relevant compactness property and the support function compu-
tations. First, in Example 7, we established that {f; € L'(uo) : |fi| < u;} was weakly compact.
Moreover, the set of f; € L'(ug) with weakly increasing version is weakly closed. Hence, the

nonempty convex set

Fi={fi € L'(po) : fi weakly increasing, |f;| < u;},

is weakly compact for every i € {1,...,n}. Therefore, the computations of Example 8 apply
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directly. Toward a more explicit characterization, let us compute oz, (f) for each i € {1,...,n}
and f € L*™(uo). Because F; is convex and compact, the Bauer maximum principle says that
every continuous linear function evaluated over F; attains its maximum at the extreme points,

ext F; = {f; € L (o) : f; weakly increasing, | f;| = u;}.”° Each extreme point therefore takes a

simple cutoff form, taking value —u; to the left of the cutoff and value u; to the right of the cutoff,

and one of these values at the cutoff (if it is a py-atom). Hence,

on () =t [ 76 oldo) + 116l

w*eN

) pofao) |

(w*,00)

Finally, consider the specialization to the case in which A = Q = {0,1} and £ = 1. Direct

computation then shows the relevant support function takes the form

ov(t) = or(t)
= max{—E[t1], —x0(0)t1(0) + po(1)t:1(1), E[t1]}
= max {|E[t][, —p0(0)t1(0) + po(1)t1(1)}
Elti| : t1(0) <0 < t4(1)

|E[t1]| : otherwise,
as described above.

Example 10 (Action payments). Given u € U and payment bound w > 0, let
V= {Q_‘_ (wal)aeA Twe [Oaw]A}a

which is (being the convex hull of finitely many points) obviously nonempty, convex, and weakly
compact. We can interpret this example as settling a question of implementability with transfers: If
agent has latent utility u, and a principal has the ability to offer action-dependent payments (with
preferences quasilinear in money) bounded by w, can SCR s € S* be incentivized? As we show

below, each s,s' € S have

ov(s =) =Efu-(s =) +5> |ps—p|.
acA
So for a given SCR s € S*, let
w* = inf 22— Efu- (s — )] —dFr(s)]|.
s'€Sr: ps'#ps JacA Z:¢16A|pg_pg |: [7 ( )] ° ( )}

S0The proof that the extreme points take this form is essentially identical to that of Lemma 2.7 from Borgers (2015).
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So, Proposition 10 implies s € S* is rationalizable with monetary incentives in [0, w)| if and only
if o > w.

Now, let us verify the described computation. To that end, note each t € S has

ov(t) = Efu-t]+ov_u(t)
= Elu-t]+ Uw[co{o,l}]A(t)
= Efu-t]4+ 0 0cofo1}(ta)

= Elu-t]+w ) (Eltd), ;

acA

whereas any s, s’ € S have

> (Elsa—siDy = X (i —nl),

acA acA
= Y [i(m-p)+5p—pl]
acA
= 5[ (pZ—pZ/)]JréZ v —p
acA a€A

P — Dol

D=

acA
The aforementioned form for the support function follows directly.

B.2. Partial Knowledge of Costs

For the LLR cost function, direct computation shows that any data set data set D = (B, 5) and

state w have

D (o) = Ouver | g8 W' o Ma’BB(w> _ O g8 w/}
i) = T { s ) o | -

We can express Corollary 1 more succinctly in the language of vectors and matrices. Specif-
ically, view 6 as a matrix in R®*%, view y as a vector in R?, view [ = [fP5(w)]u (a,5) and
1= [ta,B(W)]w {a,} s a matrices in R*E? and let log p denote the matrix whose entries are the
logarithms of the corresponding entries of p. Finally, we find it convenient to reparameterize the

cost function, by letting”’
n = [diag(p)] " [0 — diag(610)],

S1Here, diag : R® — R%** is the natural embedding taking each vector to a diagonal matrix.
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a matrix each of whose rows sums to zero.> It follows readily that

fP=m—n")u—nlogp).

Corollary 1 then tells us that D is consistent if and only if every testable cycle y has

(n—n")p* = n(log p)lX,

a condition amounting to |{2|¢ linear restrictions on 7 (hence on @), where ¢ is the cardinality of
a cycle basis of D as calculated in (3).

Now, let us specialize to the example data set described by (2). The computations that show this
data set is consistent with mutual information costs in fact show (log pt)¢X is zero for every testable
cycle in a cycle basis, and the uniform prior makes 7 —n | proportional to @ — 0. Hence, the data
set is consistent with LLR costs of parameter @ if and only if (6 — 0 ") (X is zero for both testable
cycles x € {x1,x2} in our cycle basis. This condition clearly holds for every symmetric matrix
0, and an easy computation shows no nonzero skew-symmetric matrix has zero product with p¢x
for both of these testable cycles y. Because every square matrix is the sum of a symmetric and

skew-symmetric matrix, it follows that the data set is consistent if and only if @ is symmetric.

B.3. Unique Rationalizability and Strict Convexity

The following lemma shows that, when C' is strictly convex, the agent’s optimal information choice
is unique, and the only scope for multiple best responses is the willingness to mix over her action

conditional on a realized signal.

Lemma 23. Suppose C' is strictly convex, and let w € U. If s,t € S are u-rationalizable, then

p® = p' and, for every a € A, the functions s, and t, are proportional.

Proof. First, we show no two u-rationalizable SCRs can generate different information policies.
To that end, suppose s', s> € S* have ps1 * pSQ; we show they cannot both be u-rationalizable.
Letting s := 1 "2 | s/, Lemma 5(ii) tells us 1 Y2 | p** = p*, so that

C ) =43 R ().

2
=1 =1

2 .
“ =0 = (33 <
=1 7
Hence, E [u-s] — k(s) > 137 [Eu-s'] — k(s")] > min;_1 [E [u- s'] — k(s")]. Therefore, s

witnesses that at least one of {s!, s?} is not u-rationalizable.

2These matrices are in bijective correspondence with zero-diagonal @ € R®*?. Indeed, direct computation shows
0 = [diag(uo)] (m — ¢ ® n), where ¢ € R®** is the identity matrix, and ® is the Hadamard product.
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Now, let s,t € S* be u-rationalizable. Because r — E [u - 7] — k(r) is concave (by Lemma 2),
it follows that r := %(5 + t) is u-rationalizable as well. By the above analysis, p* = p' = p"; in
particular, p” A $p° + 3p'. Lemma 5(iii) then implies no a € supp(s) N supp(t) exists such that
ps # pt. Said differently, s, and ¢, are proportional for every a € A. O

Proof of Proposition 5. Let S* denote the set of SCRs s € S* with supp(s) = A and the |A|
beliefs {45 }aca all distinct. Below, we show S* is weak* open and norm dense in S*. Before
doing so, let us see this result would deliver the proposition. To that end, let R denote the set
of rationalizable SCRs if 2 is infinite, and let it denote the relative interior of S* if ( is finite.
Given Proposition 1, every SCR in R is rationalizable, and R is norm dense in S”. Moreover,
by construction, R is open in S* if ) is finite. Hence, the intersection R N S! is norm dense in
S* and open in it if {2 is finite. Moreover, if we establish that any v € U and u-rationalizable
s € RN S are such that s is uniquely u-rationalizable, Lemma 8 would tell us the SCRs in RN S*
are rationalized by an open set of utilities.’® Finally, let us see that any u € I/ and u-rationalizable
s € RN St are such that s is uniquely wu-rationalizable. To do so, take any u-rationalizable SCR
t. That s € S! implies p* has support size |A|. By Lemma 23, we know p' = p?®, and so p' has
support size |A| too. Hence, supp(s) = supp(t) = A. Lemma 23 then also tells us pi = pul
for every a € A. But then, because {y },ca are |A| distinct beliefs, it follows from p* = p that
ps = pt forevery a € A. Hence, t = s, as desired.

All that remains is to show S' is weak* open and norm dense in S*. To that end, define the set

STi= (1 {seS": Elsq >0}

acA

and, for each distinct a, b € A, the set

S i= ) {s€8": E[s)]E[1g8] # E[s) E[L1g54]}-

QQQ Borel

By construction, these sets are all weak* open (hence, norm open) in S*, and so too is the finite
intersection S' = St N Na,beA distinct Seb. Moreover, because a finite intersection of open and
dense sets is dense, norm denseness of S* will follow if we can show S is norm dense in S* and
each pair of distinct a,b € A has ST N S%* norm dense in S*. To see S* is norm dense, note
st = (ﬁl)aeA € 5" because p° = d,,, and C(4,,) < co. Because S” is convex by Lemma 2, it
follows that every s € S®and e € (0, 1) have (1 —¢€)s+est € 5%, which witnesses (taking € — 0)
the SCR s as a norm limit from S.

Now, fix any pair of distinct a,b € A. It remains to show S* N S%° is norm dense in S+.

3Just as in the proof of Theorem 1, we can apply Lemma 8 to the weak*-open set G (resp. R N G) if € is infinite
(resp. finite).
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To that end, let s € S* be arbitrary; we want to show s is in the norm closure of S* N S%°. If
s € S*" we have nothing to show, so we focus on the complementary case in which p2 = i =: p.
Below, we locate an SCR s* € S* such that any proper convex combination of s and s* lies in S®°.
Observe such proper convex combinations necessarily live in S* (because « is convex) and so in ST
(because); and they can approximate s arbitrarily well by choosing sufficiently skewed weights.
Hence, finding such an s* will yield the required denseness property. To locate such an s*, we
separately address the case in which o # 11y and the case in which p = p.

First, suppose p # jio, and let s* denote the unique SCR with s} = 1. That C'(d,,) < oo
implies s* € S*. Moreover, any proper convex combination ¢ of s and s* is in S%® because it has
ty, = u, whereas t, is a proper convex combination of i and pg. Thus, s* is as required.

Finally, suppose i = p. By hypothesis, some p € P exists such that p # §,,. Because p
has barycenter /1, the distribution p must be nondegenerate. Pooling different posteriors generated
by p if necessary (which will weakly reduce costs and so remain in P¢ because C' is monotone),
we may assume without loss p has binary support {u%, 15 }. Note g lies strictly between
and p;. Then, define s* to be the unique SCR with p2° = p* and pi = pj. By construction,
k(s*) = C(p*") = C(p) < oo; that is, s* € S*. Finally, any proper convex combination ¢ of s
and s* is in S*® because it has ¢, and t; being proper convex combinations of ;o with % and 1,

respectively. Thus, s* is as required. O

Proof of Proposition 6. Assumption A2(i) implies, given |Q2| > 1, that P¢ # {4, }. Hence, Propo-
sition 5 delivers a norm-dense subset of S* comprising only uniquely rationalizable SCRs. The

result then follows directly from Lemma 21. O

B.4. Subdifferentiability, Rationalizability, and Posterior Separable Costs

Proposition 11. Fix some s € S such that p° € feas C, and suppose c is a derivative of C' at p°. If

Oc(us) is nonempty for all a € supp s, then Ok(s) is nonempty, and so s is rationalizable.

Proof. By Lemma 13, it suffices to show s is rationalizable according to ., which is (by Lemma 7)
equivalent to some u € U satisfying, for every s’ € S*, the inequality dfk.(s') > E[u - (s' — s)].
For each a € supp(s), take some f, € dc(u?). Shifting f, by a constant if necessary—which
clearly preserves f, € Jc(u)—assume without loss that [ f,(w) pf(dw) = c(u?). Let us see
u € U given by
fa : a € supp(s)

Ug =
minc(AQ)1 : a € A\ supp(s)
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yields the desired payoff ranking. Indeed, for any s’ € S, Lemma 16 tells us

dir(s) > 3 E[(s,—saud+ Y E[(s,—sa) ()]

a€supp(s) a€supp(s’)\supp(s)

> E[(s'—s)-ul,

as required. m|

B.S. Convexity and Monotonicity

The following lemma constructs a “convex monotone envelope” of an information cost function C'

and establishes some regularity properties of the same.

Lemma 24. Suppose C : P — RU {o0} is proper and lower semicontinuous. Then,

C:P — RU{co}

po= min o [Cg)QUg)
QeAP: [q Q(dg)=p

is well defined (i.e., the minimum exists), proper, lower semicontinuous, convex, and monotone.

Proof. Given the HLPBSSC theorem, the relation > is continuous (i.e., a closed subset of P?). We
can therefore apply a version of the maximum theorem (e.g., Lemma 17.30 from Aliprantis and
Border, 2006) because the barycenter map is continuous and C' is lower semicontinuous: the map
C : P — RU{cc} is well defined and lower semicontinuous.’* Moreover, C'is monotone because
> is transitive, and it is proper because Cis proper and C' < C.

Finally, we turn to convexity. The HLPBSSC theorem implies = is a convex subset of P2, and
so the correspondence P = AP given by p — {Q € AP : [q Q(dq) = p} has a convex graph.
Hence, C'is a (weakly) convex function. O

Proof of Proposition 7. Let C' be the function defined in the statement of Lemma 24, which (by
that lemma) satisfies all of our standing assumptions on information cost functions.

Take any SCR s. Lemma | implies a given () € AP can induce s if and only if [ p Q(dp) = p°.
Hence, by Lemma 24, some Q € AP of minimum average cost [ C'(p) Q(dp) can induce s, and
this cost is exactly equal to C'(p®). The result follows. m|

54The map takes values in R U {oo} rather than R, but the cited lemma can be applied because R U {oo} is
homeomorphic to a subset of R via a strictly increasing transformation.
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B.6. Continuous Choice with Bounded Utilities

We begin with an abstract result on V-rationalizability for the case in which V is a well-behaved

linear subspace of U.

Lemma 25. Suppose V C U is a linear subspace, (S, || - ||) is a normed space with S O S, and
{¢ls: ¢ : S — R linear continuous} is the set of maps S — R given by s — E [u - 5] for u € V.
Then, an SCR s is V-rationalizable if and only if

k(s) — K(s)

infi ————= > —c0.
s'eSH: s'#s HS/ — SH

Proof. Fix s € S. Viewing « as a function on S (by letting it take value co on S \ S), the

subdifferential of k at s takes the form
Osi(s) = {0 € 8"+ K(5) > K(s) + (5 — 5) V5 € S}

By hypothesis, {¢|s : ¢ € S*} is the set of functions S — R that are given by s — [ [u - ] for

some u € V. Hence,

Ozk(s) + @
— {yls: p€zk(s)} +@
< JueVsuchthatVs' € S, r(s") > k(s) + E[u- (s’ — s)]

<= sis V-rationalizable.

Therefore, the lemma follows immediately from Gale’s (1967) duality theorem. |

Proof of Proposition 8. Letting S = Ll(ug)A, whose dual space is naturally identified with V =

L> (MO)A, the result follows directly from the first part of Lemma 25. O

Although we have applied Lemma 25 to determine which SCRs are rationalized by some
bounded utility, one can vary the norm (generating distinct bounded-steepness conditions) to char-
acterize rationalizability with respect to different classes of utilities. For example, x exhibits
bounded steepness with respect to the L?(j9) norm at exactly the SCRs that can be rationalized
by a finite-variance utility. Similarly, bounded steepness of x with respect to the Kantorovich-
Rubinstein norm characterizes rationalizability by a Lipschitz utility.

In contrast to the previous examples, Lemma 25 cannot be applied directly to the case in which

V is the space of continuous functions {2 — R. The reason is that, whereas the above examples
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relied on viewing S as a subset of some S whose dual was naturally identified with V), the space of
continuous functions is typically not a dual. Indeed, if € is infinite with finitely many connected
components (e.g., if it is [0, 1]), one can easily show (via the Banach-Alaoglu theorem) the space

of continuous functions is not the dual of any normed space.

B.7. Costly Stochastic Choice
Let us state the analogue of Theorem 2 that we reported in section 7.

Proposition 12. Suppose i is strictly convex on its domain S* and is finite and differentiable at
every conditionally full-support SCR. Further, suppose every full-support s € S* that does not
have conditionally full support admits some s' € S such that df&(s') = —oo. Then, SCRs yielding

unique subset predictions are weak* dense in S*.
We now build up to the proof of the above proposition.

Remark 2. In the analysis of this section, we apply Lemmas 4, 6, and 7 and Proposition I to
k. All of these results were proven under the hypothesis that k is proper, convex, and weak*
lower semicontinuous (established in Lemma 2 for k and directly assumed for k). In particular,
inspection of the proofs of these results shows they do not use the fact that  is derived from C, and

so the results can be applied to k without change.
The next lemma adapts Lemma 19 to the simpler setting in which & is assumed differentiable.

Lemma 26. Let s € S* have supp(s) = A, and suppose u is a derivative of F. at s. The following

are equivalent forv € U:
(i) SCR s is v-rationalizable; that is, s € argmax,g [E [v - t] — &(t)].
(ii) Some A € L' (o) and v € Ll(,uo)ﬁ exist such that every a € A has

Vg = >\_7a+uaa
Sa%a = 0.

Proof. Letu® :=v—wu € U. Lemma 7 tells us s is v-rationalizable if and only if every s’ € S* has
dfR(s") > Efv- (s’ — s)]. But, that u is a derivative of & at s implies d77(s") = E[u- (s’ — s)].
We can therefore write the optimality condition as s € argmax, gE [u® - §]. As in the proof of
Lemma 19, this condition is equivalent to requiring some A\ € L!(j) and v € Ll(ug)i1 to have

u® = ()\ - ’Va)aEA and (’Yasa)aeA = 0. O

The following analogue of Corollary 3 is an immediate consequence of Lemma 26.
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Corollary 5. Let the SCR s have conditionally full support. If & is differentiable at s, and u and v’
both rationalize s, some X\ € L' (1) exists such that u, = u, + A\ Va € A.

Next, we record an analogue of Lemma 20.
Lemma 27. If s € S* admits a s' € S such that d}i(s') = —oo, then s is not rationalizable.

Proof. Forevery € € (0,1),lett = s+ ¢(s’ — s). Every u € U then has

1{15 [t — &(t) — [Elu-s] — &(s)]} =E[u- (s — s)] — = [R(t) — &(s)] =% —c0.

Thus, for sufficiently small € € (0, 1), the SCR ¢€ strictly outperforms s. i
Next, we provide an analogue of Lemma 21.

Lemma 28. Suppose k is finite and differentiable at every conditionally full-support SCR, every
full-support s € S* without conditionally full support admits some s' € S such that d7k(s') =
—o00, and some norm-dense subset S, of S exists that comprises only uniquely rationalizable

SCRs. Then, the set of SCRs yielding unique subset predictions is weak™* dense in S.

Proof. The proof of Lemma 21 (which invokes Lemmas 4, 6, and 7 and Proposition 1) can be
applied nearly verbatim, with three minor differences. First, the step invoking Assumption A2(i) is
replaced with the hypothesis that the set S* contains all conditionally full-support SCRs, because
the latter set is dense in S. Second, we invoke Lemma 27 instead of Lemma 20. Third, we invoke

Corollary 5 instead of Corollary 3. O
Finally, we can prove the main result of this section.

Proof of Proposition 12. By Proposition 1 and strict convexity of &, the set S; of uniquely ratio-

nalizable SCRs is norm dense in S*. The proposition then follows from Lemma 28. O
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C. Auxiliary Material

C.1. Omitted Proofs for Auxiliary Results

This section provides proofs of additional results stated in the previous appendices without proof.

Proof of Corollary 2. Say A = {0,1} without loss, and note s € S generates state-independent
behavior if and only if p* = §,,. We therefore require that if s € S is optimal and p°® # 9,,,, then
s is uniquely optimal. But p® # J,, for p° € P implies both that pj, p; > 0 and that g, ;5 are
distinct, and hence affinely independent. Proposition 9 therefore applies directly.

Letting p* := p*" for some u-rationalizable SCR s*, the above argument tells us p* = p* for
every u-rationalizable SCR s. Therefore (in light of Lemma 1), C being strictly monotone means

every optimal strategy entails information policy exactly p*, as required. O

Proof of Fact 1. Toward establishing convexity of ¢, fix any py, us € AQ and 7 € (0,1), and let
= (1=7)p1+7ps. Let (U7, 1% )nen be a sequence of pairs of simply drawn posteriors converging
to (1, i12), which exists by Lipnowski and Mathevet’s (2018) Lemma 2. By definition of a simply
drawn posterior, some sequence (7', (3')nen of pairs from R, exists such that ' u* < i for all
ie{l,2} andn € N.

Now, consider any n € N. Take (" := 3 min{¢}", ('} and p" := (1 — 7)u} + 7p5 forn € N.
Observe 2¢"u™ < (1 — 7)(Put + 7¢8usy < po, and so " = % is a well-defined simply
drawn posterior. Therefore, both

Pn ="y + (1 — ¢")0pn and p,, == (" {(1 —7)0un + 7'(5#3} + (1 —=¢")dpn

are in PF. Because p € feas C, it follows that p + ¢(p, — p) and p + €(p,, — p) are both in P¢

for sufficiently small ¢ > 0. Hence, because p,, = p,, we have (because C' is monotone)
1 _
0< hren\lglf - [C(p+ €e(pn—p)) — Cp+e(pn —p))]

eNO €
- / (1) (B — p)(dp) — / (1) (pn — p)(dp)

= " [(1 = 7)e(p) + Te(uy) — e(u™)].

gt HCo+ e~ ) - )] - [Clo+ con =) - €]}

Finally, that (1—7)c(u})+7c(uy) > c(u™) forevery n € Nyields (1—7)c(pq)+7e(pe) > c(p)

because c is continuous. The lemma follows. O
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Proof of Fact 2. Let f € L'(ug) be the difference of two derivatives of ¢ € C at the simply
drawn ;. By hypothesis, every simple i € AQ has [ f(w) (i — u)(dw) = 0, and hence,
J 1) jldew) = F = [ () p(do). )

Because [ f(w) po(dw) = f, the event 2 := {f > f} C Q has po(€2) > 0. Let fi :== (uo|<2)

denote the conditional measure, which is a simply drawn posterior. Therefore,
0= no(@) [ [£(w) = J] fldw) = E[15(f - )].

An expectation of a nonnegative random variable can be zero only if the random variable is almost
surely zero, yielding two consequences. First, 14(f — f) = 0 € L'(uo), so that f < f. Second,
that f < fand E[f] = f implies f = f € L'(j10), a constant.

Finally, that every derivative of c at 1 has p-expectation ¢(y) then implies f = 0. O

Proof of Fact 3. Every ¢ € P has q > 0,,, and so p+e€(q —p) = p+€(d,, —p) forany € € (0,1).

Hence,

intyepe, ey 1O+ ela—p)) — Cp)
= infee(o,n) i [C(p+€(d,, —p)) — C(p)] (by monotonicity)
= dimeo OO+ B — ) — C(p)] (by comvexity),
which is equal to d} C(d,,) by definition. mi

Proof of Fact 4. To see the first numbered fact, note that the proof of the equivalence of condi-
tions (i1) and (iii) in Corollary 1 makes no use of conditional full support.

To see the second fact, observe that the proof of Corollary 1 applies directly (mutatis mutandis)
to a generalized version of a data set in which the set of menus is a multiset of menus. In particular,
it applies to the generalized data set D’ in which each menu B € B is replaced with the smaller
menu supp3?; note that (relabeling vertices in B in the obvious way) the graph G is the same
as the graph Gp, giving rise to the same testable cycles. Because the data set D is consistent, so
is D’. That D is fully mixed implies D’ has conditionally full support, and so Corollary 1 tells us
condition (ii) is satisfied for D’, hence (because the graphs are the same) for D.

To see the third fact, note Proposition 3 tells us a sufficient condition for the support-B SCR 35

to be u-rationalizable over B € B is that some A\g € L'(j10) has u, = A\p + ff  forevery a € A.

53Note that the proof relies only on the “Newton quotient” property of Vc,,, together with its average value normal-
ization, and so does not require that ¢ € C.

S%Tf we did not require the normalization that [ Ve, (w) pu(dw) = ¢(u)—which would not affect the definition of
differentiability—the derivative would be unique only up to addition of a constant function.
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Otherwise following verbatim the proof that condition (ii) implies condition (i) in Corollary 1
delivers the third fact.

Now, we pursue the “moreover” part. We will provide examples showing the second and third
facts do not generally have converses.

Consider the case in which A = {1,2,3}, B = {{1,2}, 4}, Q = {0, 1}, 812} has condition-
ally full support with 311:2}(0) # g11:2}(1), 3{4(0) = B{(1) = 1, and C is strictly monotone—e.g.,
C could be mutual information as in Example 1. This data set is fully mixed and vacuously satisfies
condition (i1) of Corollary 1 because the graph has no nontrivial cycles. Let us observe the data set
is not consistent. The reason is that, if it were u-rationalizable for u € U, then 512} and 8* would
both be u-rationalizable over {1,2}. This conclusion would contradict Proposition 9 (applied to
the model with menu {1, 2}), which would tell us 31?} is uniquely u-rationalizable over {1, 2}.

Consider now the case in which A = {0,3,1}, B = {{0,5},{0,1},{5,1}}, @ = {0,1},

B 2(0) = BB 5(1) = 1 for every B € B, and C has derivative c at full information such
that ¢ : AQQ — R is globally differentiable and not affine—e.g., C' could be given by C(p) =
J 1(1)? p(du). The data set clearly has full support. Identifying AQ with [0, 1] in the obvious
way, direct computation shows every p € [0, 1] has V¢, (w) = ¢(p) + (w — p)d(p) for w €
Q. Because pf = li—maxp for a € B € B, we can then write f5 = ¢(li—maxp) + (w0 —
Lo—max 8)¢ (la=max 5), Which in particular implies f”5(1) — fP5(0) = ¢(La—max ) The testable
cycle x = 00,3} 5 {5, 1} 1 {0,1} O therefore has

0 fP(1) = 00 fP(0) = [(1) = (0)] + [¢(1) = ¢(0)] + [¢(0) = ¢(1)] = ¢(1) = ¢(0) # 0.

In particular, /X - fP # 0, so that condition (ii) of Corollary 1 does not hold. To conclude, we
observe that D is consistent. Indeed, because c is Lipschitz, direct computation shows D is ratio-

nalized by u? € U given by uf(w) := —6(a — w)? for large enough 6 € R. o

C.2. On Inducible Belief Distributions

In this section, we validate footnote 5’s claim that belief distributions and signal structures are

equivalent formalisms. To state the equivalence, let us invest in some terminology.

Definition 1. Given a Polish space M, a signal is a measurable map T : 2 — AM, and a belief

map is a measurable map w : M — AQ. For a given pair (1, ) of such maps,

* Say the pair (T, 7) is Bayes consistent if every Q C Qand M C M have

/Q T (M |w) po(dw) = / /Mﬂ(mm) F(dm|w) po(dw).
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e Say the pair (1, ) generates p € AN if every B C AQ has
/ 7 (7 (B) |w) poldw) = p(B).

Note every signal admits some Bayes-consistent belief map, and that updated beliefs are almost
surely unique, and hence unique in distribution. These observations amount to recording a standard

disintegration result in present notation.

Fact 5. Suppose M is Polish and that 7 is a signal. Define P € A(Q x M) by letting

A

P(Q) x M) = /QT(M|W) pio(dw)

for every measurable Q) C Qand M C M. Define Py, := marg,,P.

(i) Some belief map w exists such that the pair (T, ) is Bayes consistent.

A

(ii) If belief maps w,7 are such that both (1,m) and (1,7) are Bayes consistent, 7(§)|m) =

7(Qm) for Pys-almost every m.

(iii) Suppose belief maps m, 7 are such both (T, 7) and (1,7) are Bayes consistent; and suppose

p,p € AAQ are such that (1, ) and (1, T) generate p and p, respectively. Then, p = p.

Proof. Given a belief map m, note the pair (7, 7) is Bayes consistent if and only if P(Q x M) =
T 7(Qm) Py (dm) for every measurable 0 C Q and M C M. Hence, (i) and (ii) both follow
directly from the disintegration theorem (Kallenberg, 2017, Theorem 1.23).>” Finally, any two
(AQ2-valued) random variables on a probability space that agree almost surely must have the same

distribution; hence, (iii) follows directly from (ii). m|

The following result shows every signal generates (when pairing it with belief updating to make
it Bayes consistent) a unique belief distribution, and that a belief distribution can be generated in
this way if and only if it averages to the prior. This classic result—whose proof we include for the

sake of completeness—is again a straightforward consequence of the disintegration theorem.
Fact 6. Let M be uncountable and Polish, and let p € AAX). The following are equivalent:>®
(i) Some Bayes-consistent pair (T, ) generates p.

(ii) Some signal T is such that every Bayes-consistent (T, ) generates p.

"By (Aliprantis and Border, 2006, Theorem 19.7), probability kernels as in Kallenberg (2017) coincide with mea-
surable maps into the space of measures.

8 As the proof demonstrates, (i) and (ii) are equivalent and imply (iii), even if M is not assumed uncountable.
Moreover, the proof (along with the proof of Fact 5) applies verbatim to Polish, non-compact 2.
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(iii) The distribution p averages to ji, that is, p € P.”°

Proof. Given any signal 7, Fact 5 tells us some Bayes-consistent pair includes 7 and that no two
such pairs generate distinct belief distributions. Hence, (i) is equivalent to (i1). In what follows, we
show (i) is equivalent to (iii).

To see (i) implies (iii), suppose (7, 7) is Bayes consistent and generates p. Toward (iii), con-
sider any measurable O C Q. Applying Bayes consistency with M =M yields HO(Q) =
[ [ ®(Qm) 7(dm|w) po(dw); and because (7, ) generates p, any bounded integrable f : AQ — R

A A

has [ [ f (m(m)) 7(dm|w) uo(dw) = J f(r) p(dp). Hence, using f(u) := n(€2) gives po(€2) =
J 1(€2) p(dp), delivering (iii).

Conversely, suppose (iii) holds, from which we establish (i). By the Borel isomorphism the-
orem (Srivastava, 2008, Theorem 3.3.13), some bimeasurable surjection 7 : M — A£) exists.®
Now, define the measure P € A(Q x M) by letting P(Q x M) := Jeein) () p(dp) for every
measurable €2 C Q2 and M C M. By (iii) and because 7 is surjective, the marginal of IP on its first
coordinate is p. Hence, the disintegration theorem (Kallenberg, 2017, Theorem 1.23) delivers
some measurable 7 : 2 — AM such that P(Q x M) = Joy (M |w) pro(dw) for every measurable
QO C  and M C M. Let us see that (7, 7) witnesses (i). Indeed, for any measurable QO C Qand
M C M, combining the disintegration property defining 7 with the definition of P implies

Jo ) pofet) = [ (€) plan). (14)
Specializing equation (14) to the case of Q= Qand M = 7~1(B) for some measurable B C
AS) tells us, because 7 is surjective, that (7, 7) generates p. All that remains now is to verify
(1,7) is Bayes consistent. To show it is, define the map P,, € AM by letting Py, € AM =
[ 7(M|w) po(dw) for every measurable M C M. We know (7, ) generates p; that is, Py o~ =

p. Hence, every measurable QO C Qand M C M have
J [ 7 @im) (dmle) po(dw) = [ w(@lm) Bas(dm) = [ (0 pla)

Bayes consistency then follows from equation (14). O

SRecall elements of P are those p € AAQ with barycenter 4 or, equivalently, with [ M(Q) p(dup) = MO(Q) for

every measurable Qcq.
%Moreover, in the special case in which M D A(), we can take 7 with 7(x) = p for each 1 € A, generating a
witnessing (7, 7) in which each signal realization from A€ leads to itself as the updated belief.

77



	Introduction
	Model
	Cost Minimization
	Knowing Costs Only: An Impossibility Result
	Cross-Menu Predictions
	Smooth Costs
	Unique Subset Predictions

	Cross-Menu Tests
	Discussion
	Proof Appendix
	Section 3 Proofs
	On the Value Function
	Section 4 Proofs
	On Differentiable Costs
	On Iteratively Differentiable Costs
	Section 5 Proofs
	Section 6 Proofs

	Supplement to Section 7
	Partial Knowledge of Benefits
	Partial Knowledge of Costs
	Unique Rationalizability and Strict Convexity
	Subdifferentiability, Rationalizability, and Posterior Separable Costs
	Convexity and Monotonicity
	Continuous Choice with Bounded Utilities
	Costly Stochastic Choice

	Auxiliary Material
	Omitted Proofs for Auxiliary Results
	On Inducible Belief Distributions


