AER: Insights 2020, 2(1): 17-32
https://doi.org/10.1257/aeri.20190165

Attention Management’

By ELLIOT LIPNOWSKI, LAURENT MATHEVET, AND DONG WET*

Attention costs can cause some information to be ignored and deci-
sions to be imperfect. Can we improve the material welfare of a
rationally inattentive agent by restricting his information in the first
place? In our model, a well-intentioned principal provides informa-
tion to an agent for whom information is costly to process, but the
principal does not internalize this cost. We show that full information
is universally optimal if and only if the environment comprises one
issue. With multiple issues, attention management becomes optimal:
the principal restricts some information to induce the agent to pay
attention to other aspects. (JEL D82, D83, D91)

... it is easier to discern each object of sense when in its simple form than

when an ingredient of a mixture; easier, for example, to discern wine when

neat than when blended, ... or to discern the nété by itself alone.
—Aristotle

Information is a gift that may not always be accepted and, hence, useful. Speaking
to a toddler about grammar may not improve his linguistic abilities, just as an adult
may learn less from a book, an email, or a contract that contains too much detail.
Simon (1971, p. 40) foreshadows the potential hazards of detailed communication:
“What information consumes is rather obvious: it consumes the attention of its recip-
ients.” Failures to recognize this fact can have counterproductive effects: consumers
are frequently confused by nutritional labels; patients can be overwhelmed in pars-
ing side effects of medications; and so on (see Ben-Shahar and Schneider 2014).
As Simon (1996, p.144) puts it: “The real design problem is not to provide more
information to people ... but [to design] intelligent information-filtering systems.”

This paper examines the merits of information filtering for attention purposes.
When is it useful? After all, people could themselves filter information they deem
superfluous. In the standard paradigm of rational inattention (Sims 1998, 2003;
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Caplin and Dean 2015; etc.), discarded information is ignored at no cost: the agent
pays only for the informative content of what he chooses to heed. Information being
free-disposal, one may suspect that disclosing more of it can never hinder decision
making. But there is a risk—not that some provided information will be superfluous,
but rather that it will be “inferior” and crowd out other, more useful, information.

Absent attention concerns, if a principal (she) and an agent (he) disagree on the
best state-contingent choice, information filtering can be used for instrumental rea-
sons: restricting the agent to partial information can persuade him to choose an
action the principal prefers (e.g., Kamenica and Gentzkow 2011). To isolate optimal
filtering for attention purposes, we separate it from its persuasive purpose by assum-
ing that the principal and the agent have the same material motives—hence, agree
on the best action in all states.

In our model, a principal provides information to a rationally inattentive agent
about some underlying state of the world. The agent cares about his material ben-
efit, but also about the cost of processing information. The cost could be direct,
because processing information is mentally taxing, or an opportunity cost, because
people and organizations have limited information processing capacity (Sims 1998,
2003). The principal, however, is motivated only by the agent’s material benefit,
as a teacher is motivated by her student’s educational outcomes or a doctor by the
fitness of her patient’s medical decisions. In this paternalistic, benevolent design
problem, the principal does not internalize the agent’s attention cost. Given such
costs, the agent decides how informed he wants to be, taking whatever information
the principal provides as an upper bound. Choosing that upper bound optimally is
our design problem.

As hinted above, attention management is about replacing inferior information
with “better”” information, while ensuring the latter’s use. To make this more precise,
let ¢* be the information the agent would acquire given full disclosure. The princi-
pal never has a reason to provide more or less information than ¢, as more would
be ignored, by revealed preference, and less would harm the principal. Therefore,
any scope for improvement upon full disclosure must come from providing incom-
parable information, neither more nor less than g .

Our main result shows that attention management is fundamentally about trading
off issues. Formally, we prove that full disclosure is universally optimal (i.e., for
all action sets, material objectives, and attention costs) if and only if the state is
binary. The intuition for the positive result is that, with only two states, information
can never be misused, because its sole use is to separate one state from the other.
No piece of information being inferior, full information is optimal for the principal,
even though the agent will typically discard some of it. By contrast, with three states
or more (call them —1, 0, and 1), information can be used in multiple ways, such as
separating 1 from —1, 0 from {—1, 1}, etc. Call each of these an “issue.” Left to his
own devices, the agent may focus on the wrong issues.

Conversely, we show how information filtering dominates full disclosure in a
canonical example with three states, an entropy-based attention cost, and a motive
for matching the state. With all information available, the agent learns to discern
the moderate state relatively well from the extreme states, but he does not learn to
discern the latter from each other, an issue he does not deem worth a high attention
cost. Information about the moderate state crowds out information about the extreme
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states, even though the latter could forestall harmful mistakes. This phenomenon is
supported by strong evidence, despite its stylized incarnation herein. Ben-Shahar
and Schneider (2011, p. 737) present many decision scenarios, including medical
choices, retirement planning, and loan contracting, in which mandated disclosures
are counterproductive. A key channel is a crowding-out phenomenon: “Because
disclosers can proffer, and disclosees can receive, only so much information, man-
dated disclosures effectively keep disclosees from acquiring other information.” By
excluding cheaper information from consideration, filtering can encourage the agent
to pay more attention to issues he might otherwise neglect.

Related Literature—Our paper bridges two literatures: persuasion through flex-
ible information (Kamenica and Gentzkow 2011, Aumann and Maschler 1995) and
rational inattention (Sims 1998, 2003).

Among other generalizations, the Bayesian persuasion framework has been
extended to include costly information provision by the principal (Gentzkow and
Kamenica 2014) and costly parallel information acquisition by the agent (Matyskova
2018). Other works study persuasion with departures from “classical” preferences,
including psychological preferences (Lipnowski and Mathevet 2018), ambiguity
aversion (Beauchéne, Li, and Li 2019), and heterogeneous beliefs (Alonso and
Céamara 2016, Galperti 2019). In the above papers, the receiver is a passive learner,
automatically processing whatever information is revealed by the sender. In our
paper, the receiver actively filters his own information to limit information process-
ing costs.

The rational inattention literature (Sims 1998, 2003; Caplin and Dean 2015;
Caplin and Martin 2015; Matéjka and McKay 2015; etc.) studies optimal decision
making by agents who face an attention cost (or attention constraint) and decide
which of the available information to process before acting. These models are the
building blocks of our agent’s problem, given the principal’s disclosure choice.

Our paper contributes to the literature on costly information acquisition under
moral hazard (e.g., Dewatripont and Tirole 1999, Li 2001). In particular, in a set-
ting of delegated decision-making, Szalay (2005) illustrates that eliminating “safe”
actions from the agent’s choice set can sharpen incentives to seek information,
which may be worthwhile even if the principal never benefits from restricting the
agent’s behavior ex post. In our model, limiting the information available to the
agent endogenously eliminates such safe behavior (see Section IIB).

Other papers featuring information transmission under some form of inattention
are those of Bloedel and Segal (2018); Lester, Persico, and Visschers (2012); and
Wei (2018). In contemporaneous work, Bloedel and Segal (2018) also study a set-
ting in which a principal chooses which information to give an agent who flexibly
decides how to allocate attention in advance of a decision. In addition to important
modeling differences,' their work has a different purpose. We ask when information
filtering can aid decision making, insisting on the role of multiple issues. In contrast,

'Beyond their focus on binary actions and entropic attention costs, and the possibility of misaligned material
motives, Bloedel and Segal (2018) use a qualitatively different cost specification from ours. In our model, the
agent’s attention cost concerns the degree to which he reduces his uncertainty about the state. Their agent, instead,
bears a cost to reduce uncertainty about the realized message from the principal’s chosen experiment.
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Bloedel and Segal (2018) apply the toolbox of Dworczak and Martini (2019) to
explicitly solve for an optimally persuasive principal’s policy in a canonical entro-
pic-cost, binary-action model. Lester, Persico, and Visschers (2012) analyze a model
of evidence exclusion in courts of law. Our paper studies the same trade-off in a flex-
ible information-choice framework. Finally, Wei (2018) extends our framework to
misaligned preferences, studying a buyer-seller relationship.

I. The Attention Management Problem
A. Our Model

Let © and A be compact metrizable spaces with at least two elements. An agent
must make a decision a € A in a world with uncertain state § € © distributed
according to prior 4 € AO. When he chooses a in state #, his material payoff is
u(a,@), where u:A x ©® — R is continuous. The principal’s payoff is equal to the
agent’s material utility.?

In addition to his material utility, the agent incurs an attention cost, the utility loss
from processing information. To define it, first let

R(u) = {p € AAO: A@Z/dp(lj) = M}

be the set of (information) policies, which are the distributions over agent beliefs
that average to the prior. It is well-known (e.g., Kamenica and Gentzkow 2011) that
signal structures and information policies are equivalent formalisms. Our agent’s
attention cost function is a mapping C: R(u) — R, given by’

1) @) = Jyueda

for some convex continuous ¢: A© — R_. Jensen’s inequality tells us that an
agent who processes more information, in the sense of obtaining a policy ¢’ that is
more (Blackwell) informative than ¢, denoted ¢’ =% ¢,* incurs a higher attention
cost for ¢’ than for q.

The timing of the game is as follows:

* The principal first chooses an information policy p € R(u).

* The agent then decides to what extent he should pay attention to p: he chooses
apolicy ¢ € R(u) such that ¢ <* p. Such a policy ¢ is called an (attention)
outcome.

* Nature draws an agent belief v € A© viag.

* The agent chooses an actiona € A.

 Nature chooses a state § € O via v.

2For reasons outside the model, the agent must make the decision and cannot cede responsibility to the principal.

3Caplin, Dean, and Leahy (2018) call such a cost functional “posterior-separable.”

“Forany q,q' € AA®, ¢’ =5 ¢ if ¢’ is a mean-preserving spread of ¢, that is, there is r: A©® — AA® such
that (i) ¢'(S) = [yor(S]*)dg,¥ Borel S € A© and (ii) r(-|v) € R(v),Vv € A®.
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We study principal-preferred subgame perfect equilibria of this game.
It is convenient to work with the principal’s indirect utility at v € AO,

UP(V) = U(V) = maxj;u(a,-)du,

acA

and the agent’s indirect utility
UA(I/) = U(V) — c(u).

Note that the attention cost does not affect the agent’s optimal choice of a condi-
tional on a given belief. The principal’s problem can therefore be formalized as
follows:

(2) sup |\ oUr dg
subject to

p € R(p) and ¢ € G*(p),

where

)= s, strda = ) = g, Lt
is the agent’s optimal garbling correspondence. An information policy p* € R(u)
is (principal-) optimal if (p*,g") solves (2) for some g*. The corresponding ¢* is
an optimal (attention) outcome.

Notice that the policy p chosen by the principal appears only in the constraint
and does not directly affect payoffs. In deciding which information to make avail-
able, the principal proposes a menu of information policies, from which the agent
chooses.

B. Existence
As a preliminary result, we prove (in the online Appendix) that a solution to the
principal’s problem exists. Say that information policy p € R(y) is incentive com-
patible (IC) if the agent finds it optimal to pay full attention to it, i.e., if p € G*(p).
LEMMA 1: There exists a solution g* to

3) sup [ Updg
qeR(p) V2O
subject to

qislIC.

Moreover, q* solves (3) if and only if (p*,q") is a solution to (2) for some p*.
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Existence follows from a compactness argument, after establishing that
the garbling correspondence is continuous. That IC policies are without loss,
analogous to the revelation principle, relies on revealed preference reasoning:
if ¢ is an optimal attention outcome, then it must be an optimal garbling of itself,
q € G*(q).

II. Filtering and the Number of Issues

The only preference divergence in our model is that the principal does not inter-
nalize the agent’s cost of attention. Thus, a sensible intuition is that the agent will
either (i) use information the principal provides, in which case the principal benefits
from providing it, or (ii) ignore the principal, in which case the principal bears no
cost from providing it. In one-issue environments, where there are only two possible
states, this intuition turns out to be exactly correct.

With three or more states, however, the principal can withhold some aspects of
the state and, in doing so, give the agent a higher marginal value for the information
that is made available. In this fashion, information filtering can induce the agent to
pay “better attention” and improve his decision-making.

Let the full disclosure policy, p* € R(p), be that with p*({So}pce) = 1.
where 6y € AO assigns probability 1 to state 6.

THEOREM 1: Given O, the following are equivalent:
(i) Full disclosure is optimal for every (A,u,c, 1).
(ii) The state is binary.

We illustrate below the two directions of the theorem. First, we present an intuitive
argument for why full disclosure is optimal with two states. Second, we demonstrate
that full disclosure can be suboptimal with three states or more by counterexample.
See Section IV for the formal arguments.

A. Full Disclosure in Binary-State Environments

The principal never has a reason to provide more or less information than what the
agent would acquire given full information (denoted ¢). More information would
be ignored, and less would harm the principal. The only way to have the agent bear
a greater cost of attention and make a better decision is to provide a policy that is
incomparable to g (the attention outcome from full information).

When the state is binary, for intuition, consider the case in which there is a
unique optimal attention outcome and a unique agent best response to full infor-
mation, each with binary support. The Blackwell ranking of policies with binary
support enjoys a simple characterization (see Lemma 2): for any p,q € R( u) with

suPP(P) = {Vf,l/f} and supp(q) — {1/1],1/3},

IN
=
IN
X
R
IN
N
ST

4) p =% q < supp(q) C cofsupp(p)] & v < vf
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FIGURE 1. OPTIMALITY OF FULL INFORMATION WHEN |©| = 2

It turns out that any such policy that is incomparable to ¢ is not IC. To see
this, let ¢© be represented by the red line in Eigure 1. When full information is dis-
closed, ¢" can be found by the standard concavification technique. Now, suppose
that the principal offered some other policy, say ¢ (in blue) in Figure 1, which is
incomparable to ¢” by condition (4). Then, the agent would not pay full attention
to g, because ¢* (in purple) is a garbling of g by (4), and it clearly gives the agent a
strictly higher payoff than g (since &t} > iiy).

The above argument suggests that the principal can only induce the agent to pay
attention to ¢’ or to less informative policies than ¢*. Given their preference align-
ment, the principal finds it optimal to induce ¢’ by providing full information.

B. Information Filtering in Multi-State Environments

Consider now a canonical ternary-state specialization of our model, readily
extended to more states, such that full disclosure is suboptimal.

There are three states and a symmetric prior; each state has one associated action
tailored to match it; and the attention cost is proportional to the reduction in Shannon
entropy. Formally, let the state and action spacesbe © = A = {— 1,0, 1}; the prior
be 1 = ((1 — po)/2, 1o, (1 — pg)/2) for some 1y € (0,1); the material utility be
u(f,a) = —(a— 0)% and the attention cost be

c(v) = K[H(,u) —H(I/)] where H(v) = —%:V(O)log[uw)]

and x > 0.

Rather than solving for the optimal policy in this model (which is not needed to
establish the theorem), we show that a particular form of information filtering gen-
erates a strictly higher payoff to the principal than does full disclosure, for a range
of parameters.
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To this end, consider temporarily a simpler delegation problem: what would hap-
pen if the principal could, instead of restricting information, restrict the agent to a
nonempty set of actions, B C A, and the agent would optimally allocate his atten-
tion to choose from B? We prove a useful claim for this auxiliary problem: for some
parameter values (i, k), the following results hold.

(f) The principal would benefit from restricting the agent to actions {—1, 1}
(compared to unrestricted choice).

(1) The agent would rather be restricted to actions {—1, 1} than be restricted to

o},

While the direct calculations are more delicate under entropic cost, the intuition
for (1) is Szalay’s (2005) familiar insight. As he shows, there is a benefit to forc-
ing an agent to choose from extreme options when information acquisition is sub-
ject to moral hazard. By removing safe actions from an agent’s choice set (here,
action 0), the principal makes the marginal value of information higher to the agent,
because mistakes become more harmful, for example choosing —1 in state 1. This
strengthening of incentives for information acquisition can outweigh the ex post
payoff losses from not being able to perfectly adapt to the state.

What (i) enables is a bridge between Szalay’s (2005) intuition and the attention
management framework. Specifically, we exhibit an information policy p¢ such
that, if (1) holds, then the agent’s optimal behavior in the original problem, given p 0
but unrestricted choice, is identical to what he would do given choice restriction
{— 1, 1} and unrestricted information. So, by restricting information, the principal
endogenously restricts the agent’s choice set by (j;), which serves the principal’s
objective by ().

What information filtering strategy might the principal want to adopt? Quite sim-
ply, suppose that she reveals only the sign of the state, with uniform mixing if 6 = 0.
This strategy restricts the agent’s attention to a particular issue: he can learn noth-
ing about whether the state is 0, but he can otherwise expend attention flexibly to
rule out either extreme state. This strategy corresponds to policy p¢ € R(u) such
that supp(p?) = {(1 = 119, 110,0), (0, 19, 1 — p1g) }. See Mfor a representation
in the belief simplex.

Observe how, given (1), the agent’s behavior under restricted information
pO coincides exactly with his behavior under restricted actions {—1, 1}. Indeed,
as p ? has binary support S, Lemma 2 implies the agent’s optimal value given p © is
simply the concave envelope of

(5) co(S) — R

Vo max{f@u(—l,-)du,f@u((),-)du,f@u(l,')du} —C(V),

the restriction of Uy to co(S) (the green line segment in Figure 2). But (5) is an even
(i.e., symmetric) function, which is the maximum of three strictly concave func-
tions—one for each action. Thus, its concave envelope about x (a symmetric prior)
is either (i) the value of the peak of the middle function, which would be exactly
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FIGURE 2. p"aND p?

the agent’s value if only action {O} were available; or (ii) the value of the peaks of
the other two functions, which would be exactly the agent’s value if only actions
{— 1, 1} were available.® Therefore, if the agent strictly prefers restriction {— 1, 1} to
restriction {O}, his behavior under p ¢ perfectly coincides with that under restriction
{~1,1}.

Beyond conceptually tying attention management to delegated choice, the above
reduction is mathematically convenient. Indeed, the agent’s problem given full
information (with any restricted set of actions) is a standard discrete choice problem
with rational inattention, for which his optimal behavior can be explicitly derived
from the method in Caplin and Dean (2013). We can therefore verify all the required
payoff comparisons by direct computation.

When the marginal attention cost x is not too high, the situation is described
by . As foreshadowed, the induced attention outcomes ¢ and g* cap-
ture different “issues,” i.e., dimensions of uncertainty. Specifically, they are
Blackwell-incomparable (see Lemma 2).° When choosing ¢’ the agent pays
greater attention to state O than under ¢ , but he learns less about the extreme states.
At a high level, the agent lets the “minor issues” (represented by state 0) steal his
attention when unsupervised, whereas the restriction p© (inducing ¢©) redirects
his attention toward the “big issues”—those with greater marginal material reward
(represented by states —1 and 1).

S Notice that the indirect utility U, is symmetric about the line {1/ € AO:y(—1) = 1 1)}, and so the (unique)
agent best response to restricted action set {— 1, 1} is symmetric with binary support, and is therefore supported
on co(S).

STn contrast to the binary-state world, this environment exhibits information policies (for example, ¢ ) which
are both IC and incomparable to ¢*.
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FIGURE 3. ¢aND ¢ ¢

II1. Conclusion

We study the design problem of a well-intentioned principal who paternalisti-
cally seeks to help a rationally inattentive agent make informed decisions. Even
though the principal unequivocally wants the agent to be better informed, we find
that withholding information can be optimal, helping guide the agent to make better
decisions. A key takeaway from our analysis is that attention management is fun-
damentally about choosing the right issues on which the agent should focus. We
convey this point by showing that single-issue information should never be withheld
and by demonstrating the possibility of fruitful information withholding in a canon-
ical multi-issue example.

IV. Proofs
A. Theorem 1: Two States

We first record a geometric characterization of the Blackwell order under affine
independence. The proof, nearly identical to Wu (2018, Theorem 5), is omitted.

LEMMA 2: Suppose |©| < oo. For all p,q € R(u) such that supp(p) is affinely
independent,

p =% q < supp(q) C co[supp(p)].

We next show that binary-support policies are without loss in the principal’s
problem.
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CLAIM 1: If |©| = 2, then some optimal IC policy q* € R(p) exists with
|supp(q”)| < 2.

PROOF:

Lemma 1 delivers an optimal IC policy ¢ € R(p). Identifying A© with [0, 1],
for each A\ € [0, 1], let vy = (1 — )\)min[supp(q)] + Amax [supp(q)]. If vy = vy,
then ¢* = ¢ works, so we focus on the case that v, < v;. That ¢ € R(,u) tells
usvy < p < v, so that there is a unique ¢* € R(1) N A{vg, 1} Clearly, ¢* =% ¢
by Lemma 2.

Fixany A € (0,1).Foreache € (0,(v; — 14)/2), thatvy, v, € supp(g) implies
that there exist mg € A[VO, vy + e], mj € A[yl — ¢, ul], and 7¢ > 0 such that
~¢ [(1 —A)mf+ )\mﬁ] < g¢. That ¢ is IC then implies

Juad[(0 = 2yms+2ms] = va( [va[(1 = Ny mi+ Ami] (),

for otherwise the agent could profitably pool the mass from ’ye[(l — \)m§+ )\mi].
But then, taking limits as ¢ — 0 and appealing to continuity of U, tells us
(1= X) Ua(ro) + AUa(v1) = Ua(vy).

Consider any ¢ € R(u) such that § <® g*—which Lemma 2 tells us is equiv-
alent to ¢{v: 0 < X < 1} = L. That (1 — \) Us(p) + AUy(vy) > Us(vy) for
any A € [0,1] immediately implies [Uydg* > [U,dq. As § was arbitrary, it fol-
lows that ¢* is IC. But ¢*=*¢, so that [Updq* > [Updg, meaning ¢* too is an
optimal IC policy. B

*

Now, we establish one direction of Theorem 1.
CLAIM 2: If |®| = 2, then full disclosure is optimal for every (A,u,c, ).

PROOF:

Fix any (A, u, c, ju). Claim 1 delivers an optimal IC policy ¢* € R(x) supported on
at most two beliefs. If we could find some ¢* € G*(pF ) with ¢© > 58 ¢*, then we could
prove the claim. Indeed, convexity of Up would imply that [, Updg” > [, oUpdq*;
and optimality of (pF .q" ) would then follow from optimality of (¢*,¢").

If |supp(¢*)| = 1, then any q" € G*(pF) has g7 >=%84*. Now, focus on the
case of [supp(¢*)| = 2. Identifying A© with [0,1], say supp(q*) = {vo, v},
where 0 < 1y < pu < vy < 1.

Forany A € (0,1), thereissomee € (0,1) withe(1 — X A) < (g%(v). 4" (v1))-
Therefore, p,:=q* — e[(l —A)b, + )\61,1] + €01\, € R(p) too. As g*
€ G*(¢*) and p, <B4*, we learn

0 < ) oUada"— |, Uadpy

= €[(1 = \Ux(vo) + AUA(w1) = Ua((1 = Mo + Ay
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So, defining
r:AO — AAO,

1—X)Jd, +XAo, ifv = (1—-Avyy+ v, forsome A € (0,1),

60 6]

vV
0, otherwise,

ris a mean-preserving spread with [, oUadr(-|v) > Uu(v) Vv € A®.
Now, take any g € G*(pF), and define ¢* = Jrordd € R(p). As

oUnda" — [ usda = [ ][ Usar(- 1) - v i) = 0

and g € G*(pF ), it follows that ¢ € G*(pF ) too. Moreover, by construction,
q"([0,19) U [11,1]) = 1, s0 that ¢* = ®¢*. The claim follows.

B. Theorem 1: Three States

Consider the model from Section IIB, parametrized by (,uo, Ii). Letx:=e /" €
(0.1).

For any (,r € [0,1] such that £+ r < 1, identify (¢,r) with the belief v,
=06 y+ (1 —0—r)dy+rd; € AO.Themap (¢,r) — vy, isbijective and affine.

We consider the agent’s optimal behavior given various restricted action sets:
B, :={0}, B,=={—1,1}, and By :={—1,0,1} = A.

ASSUMPTION 1: xfiy < jig < Jig, where fig = 1—%—% =%
NOTATION 1: Let.”

qy = 5# = 5(ﬂ’ﬂ),

2 2

g = %(5(&17%) 1_;L0> + %6(1—% ﬁ(lfﬂo))’

Txt Tt I+x* 1t
= adf *1-x) x(1-x) 4+ (1 — 15 (- + l(s o) . )’
q3 « ((1—;2)2’(1,x2)2> ( CE)(Z <(1l—x2)2’(1—x2)2> 2 ((l—xl)z’(11x2)2>

(17x2)2
172x+x4'u0 *
1 —x

where o =

CLAIM 3: For each k € {1, 2, 3}, qy Is the unique solution to

q@%@)fm%f{ ~Epe [(a—6)°] = w[H(u) —H()] }dg(v),

if Assumption 1 holds.

7 One easily verifies that R( u) contains ¢y, ¢, and (under Assumption 1) gs.



VOL. 2 NO. 1 LIPNOWSKI ET AL.: ATTENTION MANAGEMENT 29

PROOF:
Optimality of ¢g; and uniqueness, respectively, follow directly from Caplin and
Dean (2013, Theorems 1 and 2).® u

CLAIM 4: There are values (,uo, /<c) € (0, 1) X (O, oo) satisfying Assumption 1 with:
(i) JoUpdqy > [oUpdgs;
(ii) JoUadqy < JoUadgp.

PROOF:
Define the polynomial M (x) = 1-3x—4x°+x* +5°, and
l—x—x*—%°

(1-x)(1 +x)2'
5> Where the denominator is always strictly positive over

recall  that  fo(x) =
dprio(x)] M(x)

dx (1221 +2)
(0,1). That M(O) >0 > M(l) then implies that x — xﬁo(x) is strictly increas-
ing [resp. decreasing| in a neighborhood to the right [left] of O [1]. Maximizing
the continuous function over a large enough compact subinterval of (0, 1), there is
some x* € argmax,e(o,1)Xfo(X)-

A rational, non-affine function that attains an interior maximum will have zero
derivative at the maximizer and be strictly concave in a neighborhood of the maxi-
mizer. Therefore, M| (x) < M (x*) = 0 for sufficiently small x > x".

Since fig(x) — 1asx — 0, it follows that xfip(x) > 0 when x is sufficiently
small; the maximum value x*[ip(x*) is therefore strictly positive. As a conse-
quence, 0 < xfig(x) < fig(x) for x near enough to x*. Moreover, expanding the
denominator defining iy shows that iy < 1 forany x € (0,1).

So fix x € (x*,1) small enough to ensure that M(x) < 0 and fiy(x) > 0—
which the above work shows exists—and take « := — 1 /logx. Then for any i, in the
nonempty interval (xfig, fig) < (0, 1), Assumption 1 will be satisfied. It remains to
show that such p, can be taken to satisfy the two desired payoff rankings.

For any iy € (xfig, fig), direct computation shows

Me) (< 5)

erquz - f(—)Uqu3 - (1—23)(1 + %

Thus, the principal payoff ranking (i) is as required.

Finally, we show that the desired agent payoff ranking (ii) can be ensured.
When pq = xfig exactly, an appeal to Caplin and Dean (2013, Theorems 1 and 2)
shows that ¢, is the agent’s unique best response to full information; in particular,
f@UA dg, < f@UA dq, at such parameter values. By continuity, the same ranking
will hold for sufficiently small p, € (xﬂo, /]0). |

Direct computation shows  that

CLAIM 5: If f@U Wdg, < f@U wdq, and Assumption 1 holds, then G*(p F ) = {q3}
and G*(p O) = {g:}

8 Also see Csiszar (1974).
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PROOF:

That G*(pF ) = {q3 follows from Claim 3. We now characterize the agent’s
best response to p“. Let u := f(_)UA dg,, S == co [supp(p0>], and define
f:SxA — Rbyf(y,a) = f@u(a,-)dy— c(u).

By Lemma 2, we know ¢, <%p?, so that any element of G*(p) must generate
a value of at least i to the agent.

Let {1/1,1/*1} = supp(qz) where 1/1(1) > 1/*1(1). Consider any v € S. As
f(+,1) is strictly concave and has zero derivative (in S) at v, it follows that f(v, 1)
< u—strictly so if v & supp(qy). Similarly, f(v,—1) < u, strictly so
if v ¢ supp(q,). Finally, as f(-,0) is concave and has zero derivative at j, and
f(,u, 0) = f@UAdql < i, we learn thatf(y, O) < u. Maximizing over a € A tells
us Uy(v) < u,strictly soif v ¢ supp(qa).

Take any ¢ € G(p°)\A [supp(qz)]. Lemma 2 implies ¢(S) =
UAlsupp(q) < @, but Uy, is not g-a.s. equal to i Therefore [Usdg < u
so that g cannot be a best response for the agent.

We thus know that G*(po) C R(p) N A[supp(qz)]. Unique optimality of ¢,
follows because R(p) N A[supp(qa)|] = {g.}.®

1, so that
= fUAdCIb

CLAIM 6: Some (Mo’ ﬁ) S (O, 1) X (0, oo) are such that:
(i) There is a unique q* € G*(p F) and a unique q° € G*(p 0).

(ll) f(_)Upqu < f(_)Updqo.

PROOF:

Take values for 11 and  as delivered by Claim 4. Then, Claims 4(ii) and 5 imply
that g© = g3 and ¢° = g, are unique agent best responses to p’ and p ?, respec-
tively. Claim 4(i) delivers the desired payoff comparison for the principal. B

C. Proof of the Main Theorem

PROOF:

That (ii) implies (i) is Claim 2.

To see that (i) implies (ii), suppose |©| > 2. Then, relabeling states, assume
without loss that ©@ D ©5:= {—1,0, 1}. LetA := {— 1,0, 1}. Letu:Ax© — Rbe
continuous with u(a,0) = —(a — 0)2 foreverya € Aandf € ©Os;itexists by the
Tietze extension theorem. Define the cost function ¢: A©® — R by

c(v) = /106{9%<0)>0[1/(9)10gy(9) — u(@)logu(@)]

for some x > 0; it is convex and continuous. Finally, let © € A®© be the prior

with p(©\0;3) = 0, u(0) = pg, and p(—1) = p(1) = (1 — p)/2 for some
o € (0,1). Taking (44, %) as delivered by Claim 6 completes the proof.
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In this supplementary appendix, we provide a formal proof of Lemma 1. In fact, we prove
the slightly stronger result, that an optimum exists to the program of Lemma 1 that, if |O|
is finite, has affinely independent support. This strengthening of the lemma is not invoked
in our paper,! but may be of use to future users of the Attention Management framework.?

We first introduce some additional notation. Given compact metrizable spaces X and Y,
amap f:X - AY,x€ X, and Borel BCY, let f(B|x) := (f(x))(B). Define the barycenter map
Bx : AAX — AX by Bx(XIm) := [\xy(X)dm(y), Vm € AAX, Borel X € X. In other words,
Bx(m)=E,~.,(v) for all m € AAX. Note that Z(u) = ﬁél(u), by definition.

Define @ : AAAG® — (AAB®)? by ®(P) = (,BA@(P),[P’O,B(SI). While we offer no specific in-
terpretation to this map, it will be of use in deriving required properties of the Blackwell
order.

Define the garbling correspondence G : AA® = AA®O by
G(p):= {q € ANO: p =P q}.

We can view the principal’s problem as a delegation problem in which she offers the agent

a delegation set Ge {G(P)}pez ), and the agent makes a selection g € G. Recall, the agent’s

1. The strengthened result implies Claim 1, but we instead provide an independent, elementary proof in
the Section IV of the paper

2. Given results proven in this online appendix, one could employ results of Harris (1985) to establish
existence. We instead prove the result directly, enabling us to strengthen the lemma.



optimal garbling correspondence G* : AA® = AAO is given by

G*(p):=argmax | Uy dg.
qeG(p) JA®

CLAIM OA.1. Be, Bae are continuous.

Proof. This follows from Phelps (2001, Proposition 1.1). =

CLAIM OA.2. ® is continuous.

Proof. Suppose {P,}, < AAAO converges to P. Since AO is compact metrizable, fae(P,) —
Bae(P), by Claim OA.1. To show P, o ﬁél — Po ,B(j)l, take any continuous function f : A® — R.

Continuity of Bg implies that f o fg is continuous. Then,

o -1 — o
[ FaEaops) fmf bo AP,

— fopPe dP
AA®

— o1
= | rd@eps)

where the second line follows from the weak* convergence of P, to . m

CLAIM OA.3. The partial order =5 is given by =8= ®(AAAO).

Proof TFirst, take any p =8 g witnessed by mean-preserving spread r : A® — AA®. Define
P:=gor 1e AAA®. We now show that ®(P) = (p, q). Notice that Z(v)NZ(V') =@ for v £ V'.
Therefore, any v € AO satisfies ,B(j)l(v) Nr(A®)=r(v). As a result, for any Borel S € AG,

PoBgl(S)=gor ™t (B54(S)) = gor (r(S)) = ¢(S),
and

Bro(SIP) = f 5(S) dP(5) = f 5(8)d[gor](p) = f ~SI5) dg(p) = p(S).
AAO® AAO® AO®

Therefore, (p,q) = P(P).



Next, take any P € AAAO® and let (5, G) := P(P). We want to show that p =& §. Notice that
we can view g as a (A®)-valued random variable on the probability space (AA®, B(AAB),P).
Let y : AA® — AAO be a conditional expectation y = E4-p [q|fo(q)], which exists by Chatterji
(1960, Theorem 1). So y is fe-measurable, and V Borel S <€ A©®, we have

f q(S)dP(q)=f y(SI-) dP.
AA® AA®

By Doob’s theorem (Kallenberg, 2006, Lemma 1.13), there exists a measurable r : A® — AA®
such that y =ro fg. Then, ¥V Borel S € A©O,

f (S dq:f (rofo)(SI) dP:f Y(SI) dum:f q(S) dP(q) = Bao(SIP) = 5(S).
AO® AAO® AAO AAO

Now, that fBg is affine and continuous implies

Booy=E[Becidarelfe],

which is P-a.s. equal to fe. That is, Bgoro e =idae © fe, a.s.-P. Equivalently, fgor =idpe,

a.s.-q. The measurable function

F:A® — AAO
r(v) :r(v)ez)

Oy cr(v) e Z(v)

is then g-a.s. equal to r and satisfies fg o7 = idpg. Thus, 7 is a mean-preserving spread

witnessing =8 g. m
CLAIM OA.4. =B is a continuous partial order, i.e. =< (AA®)? is closed.

Proof. This follows from Claims OA.2 and OA.3, because the continuous image of a compact

set is compact. m

CLAIM OA.5. The garbling correspondence G is continuous and nonempty-compact-valued.



Proof Itis nonempty-valued because =5 is reflexive, and upper hemicontinuous and compact-
valued by Claim OA.4. Toward showing G is lower hemicontinuous, fix some open D < AAG.

Then,

{pEAAG):G(p)mD;é(D}:{pEAA@: p>Bq, qu}
={p: (p,q) € D(AAAB), q € D}
= ®; 0D, (D)

= Bro (D3 1(D))

where the second line follows from Claim OA.3, and the last line follows from the definition
of ®;. By Claim OA.2, since D is open, so is @, (D). In addition, Bae is an open map by
O’Brien (1976, Corollary 1). So fae [CDZT 1(D)) is open, implying that G is lower hemicontinu-

ous. n

CLAIM OA.6. The optimal garbling correspondence G* is upper hemicontinuous and nonempty-

compact-valued.

Proof. As the indirect utility function Uy, is (by Berge’s theorem) continuous, so is ¢ —

JaoUa dgq. The result then follows from Claim OA.5 and Berge’s theorem. m

CLAIM OA.7. If ¢ € Z(u) is such that (¢*,q™) solves the principal’s problem in (2), then
there is a set 2 < ext [%(u)] such that ¢* € c02? and (p*,p*) solves the principal’s prob-

lem for every p* € 2.
Proof. By Choquet’s theorem, 3Q € A [%(u)] such that:

Q[extZ(w)] =1,

Bre(@) =q".

By Claim OA.6 and the Kuratowski-Ryll-Nardzewski Selection Theorem (Aliprantis and
Border, 2006, Theorem 18.13), which applies here by Aliprantis and Border (2006, Theorem

18.10), there is some measurable selector g of G*. The random posterior gz := fre(Qog™1)



is then a garbling of ¢*. Moreover, that ¢* € G*(¢*) implies

[e)
IA

Uy dg* —f Ua dag
A® A®

th%(ﬂ)

Since the latter integrand is everywhere nonpositive and the integral is nonnegative, it must

Uy dg — max Ug d(j] dQ(q).
A® GeG(g) Jae

be that the integrand is almost everywhere zero. That is, g € G*(q) for Q-almost every q.
Then, by Claim OA.6, g € G*(q) for every q € supp(Q). Therefore, 2 := supp(Q) N extZ(u) is

as desired. =

CLAIM OA.8. There is some p* € ext[%(u)] such that (p*, p*) solves the principal’s problem
in (2).

Proof. The principal’s objective can be formulated as a mapping Graph(G*) — R with
(p,q) — [roUp dq. It is upper semicontinuous and, by Claim OA.6, has compact domain.
Therefore, there is some solution (p,q*) to (2). As G(q¢*) € G(p), it is immediate that
q* € G*(q*); that is, ¢* is IC. Letting &2 be as delivered by Claim OA.7, and taking any

p* € 2 completes the claim. m

CLAIM OA.9. If |®| < oo, then: p € ext [%(u)] if and only if supp(p) is affinely independent.

Proof. First, we prove the “only if” direction. Take any p € Z(u). Then u € co[supp(p)] =
co[supp(p)], where the equality follows from © being finite. By Carathéodory’s theorem,
there exists an affinely independent S < supp(p) such that u € co(S); without loss, let S be a
smallest such set. Since O is finite, S c R'®!, so affine independence implies that S is finite.
Therefore, AN : S = AO such that, Vv € S, the set N(v) is a closed convex neighborhood of
v with SN N(v) = {v}. Making {N(v)},es smaller, we may assume for all selectors n of N,
{n(v)}yes is affinely independent.
Now define a specific selector 1: S — A®O by:

p(N(v)N-)
p(N(v))

3

n(v) = Pe (

3. Note that p(N(v)) > 0 for every v € S < supp(p), so that n(v) is well-defined. That N(v) is closed and
convex for every v € S implies 7 is a selector of N.



Since p € co(S), Jw € AS such that }. _w(v)n(v) = g, and (S being minimal) w(v) > 0 for all

veS. Let
. p(N(v)N-)
7:= L 0O N
€:=min wv)
" veS p(N(v))

Note that g € Z(u). Therefore, 2= € 2(1) and p € co{q, =2}

1-¢ —€

Now, if p € ext[2%(u)], then it must be that g = p, even if we make each neighborhood

in {N(")}yes smaller, for otherwise p € co{q, 5=} contradicts p € ext[%(p)]. But then,
supp(p) =S, and since S is affinely independent, so is supp(p).

Now, we prove the “if” direction. Suppose p € Z(u) has affinely independent support S.
Suppose q,q’ € Z(u) have p =(1-A)q + Aq’ for some A € (0,1). Then the support of ¢ must

be contained in S. However, q is Bayes-plausible:

S aw=p=¥ pwv.

veS veS

But S is affinely independent, implying that g(v) = p(v) for all ve S. That is, ¢ = p. As
q,q’,A were arbitrary, it must be that p is an extreme point. m

Proof of Lemma 1. By Claim OA.8, a solution to (2) exists. By Claims OA.8 and OA.9, (2)
admits some optimal solution, (¢*,q*), where supp(q ™) is affinely independent if © is finite.
This implies that ¢* € G*(g*). Finally, notice that the optimal value of the problem in (3) is
no larger than that of (2), since the former is a relaxation of the latter. So (¢*,q*) is also a

solution to (3). m

REMARK OA.1. In the above work, the only properties of U4 and Up that we use are that
the former is continuous and the latter upper semicontinuous. For this reason, Lemma
1 applies without change to environments in which the principal and the agent have
different material motives, to settings in which the principal partially internalizes the

agent’s attention costs, and more.
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